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PKEFACE. 



This volume is the first of two on the subject of Internal 
Stress and Strain which are intended to supply the felt 
want of a complete and systematic set of exercises. It 
is based on the late Professor Rankine's treatment of 
the subject in his Applied Mechanics and CivU En- 
gineeringy and will serve as a companion, or as an 
introduction, to these volumes. 
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APPLIED MECHANICS 



Stress. 

Elasticity is a property of matter. When dealing with 
the equilibrium of a body under the action of external forces, 
in order to find the relations among those external forces, 
the matter of the body is considered to be perfectly rigid, or, 
in other words, to have no elasticity. When external forces, 
the simplest of which are stresses acting really on a 
part of the surface of a body, are considered to act at 
points on the surface, it is tietken for granted that the 
matter of the body is infinitely strong at such points. 
But after considering the equilibrium of the body as 
a whole, we may consider the equi- 
librium of all or any of its parts. If 
we take a part on which an external 
stress directly acts, equilibrium is main- 
tained between that external stress acting 
on the free surface and the components 
parallel to it, of stresses which the cut 
surface of the remaining part exerts on 
its cut surface. 

Let MONQP be a solid in equilibrium 
under the action of the three external 
uniform stresses actins^ on planes of its 
surface at o, p, and Q. Let mn be the trace 
of the plane at o under the imiform stress A. The stresses 
doa . . . bbb ...ccc may be represented in amount and direction 

A 




Fig. 1. 
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by the single forces A, B, and c acting at the points o, p, and 
Q, rigidly connected. We know that, by the triangle of 
forces, A, B, and c are proportional to the sides of a triangle 
DFE drawn with ite sides parallel to their directions. 
Also that they are in one puine and meet at one point. 
Hence we infer that the stresses which they represent 
are all parallel to the plane of the paper, and that the 
planes of actios of b and c are at right angles to the 
plane of the paper as well as that of a. Thus we find 
the relation among the external forces. 

Let a plane mn divide the solid 
into two parta Consider the 
equilibrium of the part mUTrm. 
8-1,8^, 8g ... are the stresses exerted 
at all points of the cut surface 
of UUmn by the cut surface 
of the other part, s is the sum of 
their components parallel to the 
direction of A, acting through p, 
the centre of pressure. Because 
there is equilibrium, s is equal 
and opposite to a; and they act 
in one straight line. Also the 
remaining rectangular components 
PI , of a^.s^fS^ are themselves in equi- 

librium. Thus we see there is a 
stress on the plane mn and know 
the amount of it in one direction. 
Had we been considering the 
equilibrium of the other part of 
the solid, the stresses on mn would 
J have been acting on the other sur- 

face as tj, f J, ^, ... in opposite direc- 
tions to Sj, Sg, 8j, . . . and of equal 
intensities. Thus on the plane mn 
^«- *■ there are pairs of actions, acting 

at all points of it, as s^, t^, at q. These vary in intensity and 
obliquity to m ■«. at different points of the plane. If another 
plane, as gh, dividing the solid, pass through 5, there will be, 
similarly, pairs of actions at eiII points of it, and a pair of 
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definite intensity and direction at the point g. If we know the 
stress at the point q in intensity and direction on all planes 
passing through q, we are said to know the internal stress at 
the point q of the solid. Similarly for all points of the solid. 
The pairs of actions as Sg, t^ act respectively on the cut 
surfaces of the upper and under parts of the solid ; but mn 
may be considered to be a thin layer of the solid with Sg and 
^3 acting on its under and upper surfaces. It must be, 





Fig. 4. 
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however, infinitely thin, this layer of the solid; otherwise its 
two surfaces would be different sections of the solid and s^ 
and to not necessarily equal and opposite. If gh be also 
considered a thin layer, and H and K be the pair of actions 
on it at the point q on the two sides of it, then will the 
point g be a solid, in figure a parallelopiped, with a pair of 
stresses acting upon its opposite pairs of faces. Sg and t^ being 
equal, s is now put for each, and H is put for both H and K; 
and since q, instead of being a point in both planes, has small 
surfaces in both, though so infinitely small that the stresses 
over them do not vary from the intensities at the point g, yet 
surfaces, the stresses spread over which it is more convenient 
to represent by sets of equal arrows sss...,hhh.... 

In this way of representing the interned stress at q the 
parallelopiped is all of the solid to be considered. It must 
be borne in mind, however, that q is indefinitely thin each 
way, and might be more accurately exhibited thus ; which 
must be understood to be such small portions of the planes 
mn and gh that the stress remains constant in direction 
and intensity throughout their extent. . 
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State of Simple Steain. 



Thus we see that in a solid acted upon by external forces, 
every particle exerts stress upon all those surrounding it. 
Such a body is said to be in a state of strain. In solids the 
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phenomenon is marked by an alteration of shape, but 

not necessarily of bulk. 

Let AB and CD be acted upon by two 
equal and opposite forces P and P in the 
direction of their length acting in A B 
away from each other, and in c D towards 
each other. If P be uniformly distri- 
buted over the area A, the section of AB 
perpendicular to its length, the intensity 
of tne stress on it is 

p 

^ = T 

Let the prism be of unit thickness normal 
to the paper; then will the line MN be 
equal to the area of the section of the prism 
perpendicular to its axis and 

Fig. 8. ^ M N 

At any internal layer mn, perpendicular to the axis of 
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the prism, the intensity is also p, for the equilibrium 
of the parts requires it; and not only is the stress of 
this same intensity at all points of one such section, but 
also upon all such sections. The solids AB and CD are 
said to be in a state of simple strain, in the case of A B of 
extension, and in that of c D of compression. It is usual to 
consider the first as positive and the second as negative. 

The change of dimensions due to a siujple state of strain 
is an alteration of the length of the solid in the direction of 
the stress with or without an accompanying alteration of its 
other dimensions. Thus a piece of cork in a state of simple 
compression has become shorter in the direction of the 
thrust, yet with scarcely any, certainly without a cor- 
responding increase of area, normal to the thrust. Again, 
a piece of indiarubber grows shorter in the direction of 
the thrust with an almost exactly proportionate increase 
of area normal to it. 

The increase of length in the case of an extension is the 
augmentation, in that of a compression it is a negative 
augmentation, and in either case it is the amount of strain. 
The measure of the strain is the ratio of the augmentation 
to the original unstrained length. 

^ T -i^ 1. 1 X • augmentation of length 
Definition. Longitudinal strains — ^ — --j n- — 

where both are in the same name, that is, both in inches or 
feet, &c. The foot being the unit of length, it is most 
convenient to take both in feet; then 

, .. 1. n i . augmentation in feet 

longitudinal strain = — ^ :n7-= — r~i • 

° length m teet 

Suppose the denominator on the right-hand side of the 
equation to be unity, then 

longitudinal strain = augmentation in feet of 1 foot of 

the substance. 

= augmentation per foot of length, 
expressied in feet. 

Hence the total augmentation or amount of strain in feet 
equals the length in feet multiplied by the strain. 
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If the augmentation equal the length, that is, if the piece 
be stretched to double its original length or compressed to 
nothing, then from the definition 

strain = unity. 

Eocamplea. 

In the following questions the weight of the material is 
neglected. 

1. A tie rod in a roof, whose length is 142 feet, stretches 
1 inch when bearing its proper stress. What strain is it 
subjected to ? 

augmentation = 1 in. 
unstrained length = 1704 in. 

strain = ^^gf^^ntation ^ 1 ^^ .^^^g 

length 1704 

2. How much will a tie rod 100 feet long stretch when 
subjected to '001 of strain ? 

augmentation ^ ^^^^ 
length 

.'. augmentation = strain x length = -001 x 100 ft. = 1 ft. 

3. A cast-iron pillar 18 feet high shrinks to 17*99 feet 
when loaded. What is the strain ? 

augment&,tion of length = — '01 ft. 
strain ~ ft^gP^e^tation ^ - '01 ft. _ _ 1 __.noo5 

'*'^''' kE^th i8itr~ 1800'''' ^^^^• 

4. Two wire cables, whose lengths are 100 and 90 fathoms 
respectively, while mooring a ship are stretched, the first 
3 inches and the second 2'75 inches. What strains do they 
sustain? Which sustains the greater? Give the ratio of 
the strains. 

For the 100-fathom cable 

strain = augmentation ^ 3in. ^ .^^^^ 

length 7200 m. 
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For the 90 fathom cable 

Btrain = ^^gfentation ^ 275 in. ^ .^00422. 

length 6480 m. 

The 90-fathom cable is the more strained. 
Ratio of these strains is 417 to 422. 

5. A 30-feet suspension rod stretches -^ inch under its 
load. Find the strain upon it. 

strain =z -00014. 

6. How much does another of them, which Ls 23 feet long, 
stretch when equally strained ? 

augmentation = '039 inches. 

7. A submarine cable is tested with a strain of '0002. 
Hov much did it stretch per 100 fathoms ? 

aug. per 100 fathoms =: 1*44 in. 

8. What is the strain upon a wooden strut 60 feet long 
when compressed to 59*97 feet ? 

strain = — '0005. 

9. A violin string 10 inches long is stretched to lOJ 
inches. What is the strain upon it ? 

strain = ^ zz: '025. 

10. An indiarubber string 6 inches in length is stretched 
till it is a foot long. Find the strain. 

strain = 1. 

11. A cast-iron pillar bears a strain of 001; its original 
length was 10 feet. Find its altered length. 

augmentation == — '12 inches, 
alteredlengthnz 119-88 „ 

12. A pillar 40 feet high, designed to prop up a beam 
already supported at the ends, fits exactly into its place. If 
the greatest strain to which it is safe to subject the pillar 
be •0004, what thickness of wedge ought to be driven 
between the beam and its top ? 
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The thickness is the same as the contraction which the 
pillar must undergo to produce the necessary strain* 

thickness =— aug. = 192 in. 

This is upon the supposition that the beam does not rise up 
when the wedge is driven. 

Elasticity. 

The Elasticity of a solid is the tendency it has when 
strained to regain its original shape. If two equal and 
similar prisms of different matter be strained similarly and 
to an equal degree, that which required the greater stress is 
the more elastic — e.gr., a copper wire 1,000 inches long was 
stretched an inch by a weight of 680 lbs., while an iron 
wire of the same section and length required 1,000 lbs. to 
stretch it an inch. Hence iron is more elastic than copper. 
If they be strained by equal stresses, that which is the more 
strained is the less el Jtic-e.^., the same copper wire is 
stretched as before 1 inch by a weight of 680 lbs., while the 
iron one is only stretched a ^^th part of an inch by 680 lbs. 

Hence the elasticities of different substances are propor- 
tional to the stresses applied, and inversely proportional to 
the accompanying strains. 

If similar rods of steel and indiarubber be subjected to 
the same stress, the indiarubber experiences an immensely 
greater strain, so that steel is very much more elastic than 
indiarubber. 

If two similar rods of the same matter, or the one rod 
successively, be strained by different stresses, the corre- 
sponding strains are proportional to the stresses. Thus, if a 
480 lb. stress stretch a copper wire one inch, then a 960 lb. 
stress will stretch it, or a similar rod, two inches. 

Hooke's Law is " The strain is proportional to the stress'' 
It amounts to — "the effect is proportional to the cause." 
It is only true for solids within certain limits : — e.g., 2,400 
lbs. should stretch the copper wire mentioned above five 
inches by Hooke's law, but it would really tear it to pieces ; 
and although 1,920 lbs. applied very gradually will not tear 
it, yet it will stretch it more than four inches ; and further, 
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when that stress is removed the wire will not contract to its 
original length again. Strain and stress are mutually cause 
and effect. The effect of stress upon a solid is to produce 
strain ; and, conversely, a body in a state of strain exerts 
stress. The expressions " Strain due to the stress,'* &c., and 
" Stress due to the strain," &c., are both correct. 

If a solid be strained beyond a certain degree, called the 
proof strain, it does not regain its original length when 
released from the strain; in such a case the permanent 
alteration of length is called a set 

Def. The Proof Load is the stress of greatest intensity 
which will just produce a strain having the same ratio to 
itself which the strains bear constantly to the stresses pro- 
ducing them for all stresses of less intensity. 

If a stress be applied of very much greater intensity, the 
piece will break at once ; if of moderately greater intensity, 
the piece will take a set; and although only of a little 
greater intensity, yet if applied for a long time the piece 
will ultimately take a set ; and if it be applied and removed 
many times in succession the strain will increase each time 
and the piece ultimately break. For all stresses of inten- 
sities less than the proof load the elasticity is constant for 
the same substance, and the 

Def. Modulus of Elasticity = i°te°aity of stress 

strain due to it 
= stress per unit strain. 

If the denominator on the right-hand side of the equation 
be unity, then the numerator is the stress which produces 
unit strain, and 

Mod. of elasticity = stress which would produce unit 

strain, 
on supposition of rod not experiencing a set and Hooke's 
law holding. 

For most substances the proof stress is a mere fraction of 
E, the modulus of elasticity. For steel the proof stress is 
scarcely xWinnrtt part of E. Hence in the equation above 
the word would is employed, as it would be absurd to say 
that E equalled the stress that will produce unit strain, that 
being an impossibility with most substances; and even when 
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possible, as in the case of indiarubber, the strains at such a 
pitch will have ceased to be proportional to the stresses 
producing them, and hence E will be no longer of a constant 
value. But the definition is quite accurate and definite for 
all substances amounting to this, that for any substance 

E = 10 times the stress that will produce a strain of ri^th, 

if such a pitch of strain be possible and within the limit of 
strain, that is, not greater than the proof strain. 

But if not, then, 

J?= 100 times the stress that will produce a strain of i^th, 

if such a pitch of strain be possible and within the limits 
of strain, that is, not greater than the proof strain. 

Thus for steel E equals one million times the stress which 
will produce a strain of one millionth part. Pliability is a 
term applied to the property which indiarubber possesses 
in a higher degree than steel. 

Examples, 

13. A wrought-iron tie-rod has a stress of 18,000 lbs. per 
square inch of section which produces a strain of '0006. 
Find the modulus of elasticity of the iron. 



„ _ intensity of stress __ 



18000 



strain '0006 

= 30,000,000 lbs. per square inch. 

14. A tie-rod 100 feet long has a sectional area of 2 square 
inches, it bears a tension of 32,000 lbs, by which it is 
stretched fths of an inch. Find the intensity of the stress, 
the strain, and modulus of elasticity. 

. total stress 32,000 lbs. , ^ ^^,, „ . 

stress = — -s -. — = 16,000 lbs. per sq. in. 

area 2 sq. m. i i 

. . aUg. of length '75 in.- r^nmyatr 

stram = --. . , ^ = ^ ^^a - = '000625. 

length 1200 m. 

„ stress 16000 c>-/?AnAn/MU 

E = -7 — r- = 7w,A^^^ = 2d,600,000 lbs. per sq. m. 
strain 000620 ' r ^ 
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15. A cast-iron pillar one square foot in sectional area 
bears a weight of 2000 tons, what strain will this produce, 
E for cast iron being 17,000,000 lbs. ? 

total stress = 2000 tons per sq. foot. 

= 2000 X 2240 lbs. per sq. foot. 

, 2000 X 2240 QTiiiTiu 
stress = =-j-T = 31111*1 lbs. per sq. m. 

^ stress 

strain 

or 17,000,000 = ^^ • 
' strain 

/. strain = 1 7 000 000 ~ '^01^ ft- per ft. of length. 

16. The modulus of elasticity of steel is 35,000,000. How 
much will a steel rod 50 feet long and of |^th inch sectional 
area be stretched by a weight of one ton ? 

total stress — 2240 lbs. 

_ total stress in lbs. 
"~ area in sq. in. 

= 2240 -r- i = 17,920 lbs. per sq. inch. 
__ stress 
~~ strain 

stress 



stress 



E 



:. strain = „ 

— 1 7,920 ■— .AAAglO 

- 357000,000 - ^^^^^'^• 

elongation . . 
— r-^-rr — == strain, 
length 

.*. elongation = strain x length 

= 000512 X 50 

= •0256 feet or ^ of an inch. 
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17. An iron wire 600 yds. long and ^^th of sq. inch in 
section, in moving a signal sustains a puU = 250 lbs. ; how 
much will it stretch, assuming E = 25,000,000 ? 

stress = 20,000 lbs. per sq. in., 

strain = -0008, 
elongation = 1*44 ft. 

18. Modulus of elasticity of copper is 17,000,000 ; wh^t 
weight ought to stretch. a copper thread, of 12 inches in 
length and '004 inches in sectional area, y^th part of an 
inch. If after the removal of the weight the thread remains 
a little stretched, what do you infer about the weight and 
about the strain to which the thread was subjected ? 

strain ^^lAny, 

stress = 14167 lbs. per sq. inch, 

weight = 56-668 lbs. 

Since this weight causes a set it is greater than the proof load. 

19. A wooden tie 12 inches x 7 inches and 40 feet long 
was tested with a pull of 130 tons which stretched it 1*28 
inches. Find the modulus of elasticity of the wood. 

, 291200 lbs. ^.raaM. 

stress = -^-j ; — = 3466*6 lbs. per sq. m. 

84 sq. in. ^ ^ 

, . 1*28 in. ^^^ • 

strain = A^,\-r— = '0026. 

480 in. 

.-. E =z 1,300,000 lbs. 

20. One rod of an hydraulic hoist is 50 feet long and 1 
inch in diameter, it is attached to a plunger 4 inches in 
diameter upon which the pressure of the water is 800 lbs. 
per square inch. E being 30,000,000, how much will the 
rod be compressed, and what is the strain ? 

strain = - -000427 ft. per ft. 
compression =: amount of strain = '256 in. 

21. A glass thread is y^^th of a sq.inch in sectional area, 
and 15 inches long. What weight would be required to 
stretch it T^th part of an inch, for glass E being 8,000,000? 

stress = 5,333 lbs. per. sq. in. 
weight = amount of stress = 5*3 lbs. 
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The Production of Strain. 

We have as yet only considered the statical condition 
of strain, i.e., of a body kept in a state of strain by external 
forces, these forces being balanced by the reactions of the 
solid at their places of application due to the elasticity, and 
the forces exerted on any portion of the solid being in equili- 
brium with the reactions of the contingent parts. Thus when 
we found that 32,000 lbs. produced a strain of 00063 on a 
tie rod 100 feet long and 2 sq. inches in area, in all stretching 
it fths of an inch, we meant that the weight kept it at that 
strain ; the rod is supposed to have arrived at that pitch of 
strain and to be at rest, to be stretched the f th inch, and so 
(by its elasticity or tendency to regain its original length) to 
balance the weight. We have taken no notice of the pro- 
cess by which the rod came to the strain, nor do we say it 
was the weight that brought it to that state, the weight 
being only a convenient way of giving the value of the 
stress on the rod when forcibly kept strained. In fact an 
actual weight of 32,000 lbs. is capable of producing greater 
strains on the rod in question; depending upon how it is 
applied to the rod as yet unstrained. The weight might be 
attached by a chain to the end of a rod and let drop from a 
height ; when the chain checked its fall it would produce a 
strain on the rod at the instant greater the greater the height 
through which it dropt. StiU, if that strain were not greater 
than the proof strain, the weight upon finally coming to rest 
after oscillating a while could only keep the rod at the strain 
•00063. 

We come now to consider the kinetic relations between 
the stress and the strain, that is, while the strain is being 
produced, the matter of the body being then in motion, we 
are consequently considering the relations among forces 
acting upon matter in motion. 

If a simple stress of a specific amount be applied to a 
body it produces a certain strain, and in doing so the stress 
does work, for it acts through a space in the direction of its 
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actioD equal to the total strain. But if this stress is applied 
gradually, so as not to produce a shock, its value increases 
gradually from zero to its full value, and the work it does 
will be equal to its mean value, multiplied by the space 
through which it has acted. And since the stress increases 
in proportion to the elongation, its average value will equal 
half of its full value. For example, if a stress of 30,000 lbs. 
be applied to a rod and produce a strain of f inch, it will do 
^^^^^ X I = 11,250 inch lbs. of work which will be stored 
up as potential energy in the stretched rod. 

Suppose a scale-pan attached to the top of a strut or 
bottom of a tie and the other end fixed. Let a weight be 
put in contact with the pan, but be otherwise supported so 
as to exert no stress on the piece, and the next instant let 
it rest all its weight on the piece, then will the weight do 
work against the resistance offered by the straining of the 
piece till the weight ceases descending and comes to rest, 
when the piece will be for an instant at the greatest strain 
under the circumstances, at a strain greater than the weight 
can keep it at ; the unstraining of the piece will therefore 
cause the weight to ascend again, doing work against it to 
the amount that the weight did in descending, and so the 
weight will return to its first position, then begin to descend 
again, and so oscillate up and down through an amplitude 
equal to the augmentation. Owing to other properties of 
the matter, whereby some of the work is dissipated during 
each strain and restitution, the amplitude diminishes every 
oscillation, and the weight will finally settle at the middle of 
the amplitude. 

A weight applied in this manner is called a live load, 
A live load produces, the instant it is applied, an augmenta- 
tion of length double of that which it can maintain, and 
therefore causes an instantaneous strain double the strain 
due to a stress of the same amount as the load. 

Let now a weight W be applied in the following way. 
Divide W into n equal parts of weight w each. If A be the 
strain due to a stress of amount W, and a the strain due to 
a stress w, then 

W=::nw. 
and by Hooke's law, A = na. 
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Let the first weight w be put into the scale-pan. It will 
produce a strain 2a at once, but the piece will settle at a 
strain a. Now put on the second weight w. It will produce 
at once an additional strain 2a, but only of a additional after 
the piece settles ; there being now a total strain 2a. Add 
the third weight w. It also wfll produce at first an additional 
strain 2a, but only of a after the piece settles, giving a total 
now of 3a ; and so, adding them one by one, there will be a 
strain of (ti — 1) a when the second last one has been added 
and the piece has settled. Now, upon adding the n\h weight 
Wy it will at first produce an additional strain 2a, but only of 
a after the piece settles, giving then a total strain na or A, 
Thus we have brought the piece to a pitch of strain A by 
means of the weight W, and only at the instant of adding 
the last part {w) of it was the piece strained to {n + 1) a, or 
to a more than A, By making the parts more numerous 
into which we divide tf, and so each part lighter and pro- 
ducing a lesser strain per part, we can make the strain a the 
extent to which the piece is strained beyond A at the instant 
of adding the last part, as small as we please. 

By so applying the load W we can bring the piece to the 
corresponding strain A without at all straining it beyond 
that. A weight so applied is called a dead load. 

A live load therefore produces, at the instant of its appli- 
cation, a strain equal to that due to a dead load of double 
the amount. In designing, the greatest strain is that for 
which provision must be made, so that live loads must be 
doubled in amount, and the strain then reckoned as due to 
that amount of dead load. The dead load, together with 
twice the live load, is called the gross load. 

The weights of a structure and of its pieces are generally 
dead loads. Stress produced by a screw, as in tightening a 
tie rod, is a dead load. The pressure of earth or water 
gradually filled in behind a retaining wall, and of steam 
got up slowly, of water upon a floating body at rest in it, 
4fec., are all dead loads. The weight of a man, a cart, or a 
train coming suddenly upon a structure, is a live load, so is 
the pressure of steam coming suddenly into a vessel, so is a 
portion of the pressure of water upon a floating body which 
is rolling or plunging. The pressure upon a plunger used to 
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pump water is a live load, but that on a piston when com- 
pressing gas is a dead load, the gas being so elastic itself. 
A load on a chain ascending or descending a pit is a dead 
load when moving at a constant speed or at rest, but a live 
load at the starting, and while the speed is increasing, partly 
a live and partly a dead load. The stress upon the coupling 
between two railway carriages is a dead load while the 
speed is uniform, and if the buffers keep the coupling chain 
tight, the stress is a live load while staiting; but if the 
buffers do not keep it tight, but allow it to hang in a curve 
when at rest, then the stress upon it at starting will be 
greater than a live load. 

Eocamples. 

22. An iron rod in a suspension bridge supports of the 
roadway 2,000 lbs., and when a load of 3 tons passes 
over it, bears one-fourth part thereof. Find the gross load. 
If the rod be 20 feet long, and J of a square inch in section 
find the elongation, E being 29,000,000. 

dead load i= 2000 lbs. 

live load = 1680 lbs., equivalent to a dead load 

of 3360 lbs. 

.*. gross load = 5360 lbs. 

. gross load 
stress = ^ -. 

section 



E 



:. strain 



^ 3Z 7147 lbs. per sq. in. 
•7o ^ ^ 

stress 

strain' 

stress 



E 
7147 



= -000246 



29000000 
__ elongation 
"~ length 
.'. elongation = length X strain 

= 20 X -000246 = -00492 ft. = -06 in. 
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23. A vertical wrought iron rod 200 feet long has to lift a 
weight of two tons. Find iJie area of section, first neglect- 
ing its own weight; if the greatest strain to which it is 
advisable to subject wrought iron be '0005 and E = 
30,000,000. 

Let A be the sectional area in sq. in. 
live load = 4480 lbs. is equivalent to a deadload of 8960 lbs. 

3960 



.'.stress = 

E = 

or 30,000,000 = 



.\A 



IT' 

stress 
strain* 

8960 
A X -0005* 

8960 



•0005 X 30,000,000 
= '597 sq. in. 



24. Find now the necessary section at top of rod, taking 
the weight into account, calculated from the section founa 
in last. 

200 ft. X '597 sq. in. gives 1433 cub. in. ; reckoned at 480 
lbs. per cubic foot gives 398 lbs. 

Hence live load = 4480 lbs. 

dead load = 398 lbs. 

.'. gross load = 9358 

9358 



stress 



E 



area 
stress 



~ • 



or 30,000,000 = 



strain 
9358 



area x "0005 



.*. area = ^^ = -62 sq. in. 

•0005 X 30,000,000 ^ 



B 
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The weight of the rod being greater when calculated at 
this section, a third approximation to the sectional area 
might be made. 

25. Taking now the sectional area at '62 sq. in. find 
average strain and elongation. 

At lowest point 

gross load = 8,960 lbs., 

8,960, 



stress — 



•62 



^^^^^^ ^ -62 X 30,000.000 = '^^*^ ' 

while strain at highest point is '0005. 

.'. average strain = '000495. 

elongation = 00049 X 200 = '098 ft. 

= 1176 in. 

26. A short hollow cast-iron pillar has a sectional area of 
12 sq. in. It is advisable only to strain cast iron to the 
pitch '0015. If the pillar supports a dead load of 50 tons; 
being weight of floor of a railway platform, and loaded 
waggons pass over it, what amount should such load not 
exceed ? E = 20,000,000. 

greatest stress = 30,000 lbs. per sq. in. 
gross load = 360,000 lbs. 

deduct dead load = 112,000 lbs. 
gives a dead load == 248,000 lbs. 

The live load must not exceed one half of this. 

Note. Other considerations limit the strength of the pillar 
if it be long. 
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Resilience. 

Def. The Resilience of a body is the amount of work 
required to produce the proof strain. A weight one half 
the proof stress applied as a live load would produce the 
proof strain, therefore the work done is this weight multi- 
plied by the elongation at proof strain, the distance which 
the weight has worked through; or 

The resilience of a body = \ amount of proof stress 

X elongation at proof strain. 

For comparison among dijfferent substances the resilience 
is measured by the resilience of one foot of the substance 
by one square inch in sectional area. 

.'. 22 = J proof stress x proof strain^ 

jR being in foot lbs. when the stress is in lbs. per square 
inoh and the strain in feet. 

And now comparing the amount of resilience of dijBTerent 
masses of the same substance: if two be of equal sectional 
area, that which is twice the length of the other has twice 
the amount of resilience (the elongation being double); also 
if two be of equal length and one have twice the sectional 
area of the other, then the amount of its resilience is double 
(the amount of stress upon it being twice that upon the 
other). That is, the amounts of the resilience of masses of 
the same substance are proportional to their volumes. This 
is true not only for pieces in a state of simple strain with 
which we are in the meantime occupied, but can be proved 
to be universally true for those in any state of strain how- 
ever complex. 

For any substance JR being the amount of resilience of a 
prism of that substance one foot long by one square inch in 
sectional area, it foUows from the above that the amount of 
resilience of a cubic inch of the substance will be i»2-i2 or 
that of any volume will be -jV-B X volume in cubic inches. 

The resilience of a piece, as defined, is the greatest amount 
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of work which can be done against the elasticity of the 
piece, without injuring its material. 

We can find the amounts of work done upon a piece in 
biinging it to pitches of strain lower than the proof strain. 
For brevity we will call this also resilience. Thus, for a 
piece 1 foot long by 1 square inch in section 

amount of resilence = J stress x strain is pro. to (stress)^, 

the strain being proportional to the sti-ess, hence 

amount of resilience for any stress __ (stress)^ 

the resilience ~" (proof stress)^ 

/. amount of resilience = iJ X ( r V 

\p. stress/ 

For a piece of volume V cubic inches, at any stress we 

have either-^ 

. V 
amount of resilience = J stress x strain x y^, 

or = J amt. of stress x amt. of strain. 

The amount of resilience of a piece, at the instant a live 
load is applied, will be the product of that load and the in- 
stantaneous elongation. Let TT be a load the elongation 
due to which is A. If TT be applied as a live load, the in- 
stantaneous elongation is 2A, and the 

amount of resilience due to a live load W = W X 2A, 

If W be applied as a dead load, the amount of resilience is 

steadily that of the piece elongated to an amount A is the 

same as what it would be for an instant upon the applica- 

W 
tion of a live load -^, or 

W 
amount of resilience due to a dead load W = -^ x A, 

Therefore, a live load produces for an instant an amount of 
resilience four times that produced by an equal dead load. 

Eoca/mples. 

27. A rod of steel 10 feet long and '5 of a square inch in 
section, is kept at the proof strain by a tension of 25,000 
lbs., the modulus of elasticity for steel being 35,000,000. 
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Find the resilience of steel, also the amount of resilience of 
the rod. 

proof stress = —7^ — = 50,000 lbs. per sq. inch. 
■p __ proof stress 



proof strain 

« . . proof stress 
/. proof strain = ^ 



E 
50,000 



35,000,000 "" 700 

= '00143 elongation in ft. per ft. of 
length. 

resilience, iZ = J proof stress x proof strain 

= i X 50,000 lbs. X -00143 ft. 

=z 35*75 ft. lbs. of work per vol. of 1 ft. 
in length by 1 sq. in. in sectional 
area. 

amt. of res. of rod = ii x (vol, expressed in number of 

such prisms) 

= =-s » -B X vol. in cub. in. 

= Y^ X 3575 X 120 in. x '5 sq. in. 
= 178-75 foot-lbs. of work. 
Otherwise, to find amount of resilience directly, 

proof strain = ^, 

total elongation = =^ ft., 

amount of stress = 25,000 lbs., 
amount of resilience = J amount of stress x elongation, 

_ 25000 J^ 
~ 2 ^ 70' 
= 178-6 ft.-lbs. of work. 
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28. A series of experiments were made on bars of wrought 
iron^ and it was found that they took a set when strained 
to a degree greater than that produced by a stress 20,000 
lbs. per square inch, but not when strained to a less degree. 
At that pitch the strain was '0006. Find the resilience of 
this quality of iron. 

proof stress = 20,000 lbs. per sq. in. 

proof strain = *0006 ft. per ft. of length. 

jB zz: J X 20,000 X 0006 = 6 ft.4bs. 

29. Find how much work it would take to bring a rod, 
of the above iron, 20 feet long and 2 square inches in sec- 
tional area, to the proof strain. 

volume =. 480 cub. in. 

R feet-lbs. of work brings to proof strain a rod 1 feet 
long by 1 square inch in area : that is, of volume 12 cubic 
inches, and amounts of resilience being proportional to the 
volumes. 

work required =: ^R . vol. in cub. in. 

= T^g- X 6 X 480 = 240 ft.-lbs. 

amount of res. 480 cub. in. .^ 

or -^ = -=-^ — r-^ — = 40. 

R 12 cub. m. 

.'. amount of res. = £ x 40 = 6 x 40 = 240 ft.-lbs. 

30. A wooden strut 18 square inches in section, and 12 
feet long, sustains a stress of 1,000 lbs. per square inch. 
Find the amount of resilience of the strut, JE being 1,200,000 
lbs. 

half of total stress = 9000 lbs. 

elongation = *01 ft. 

amount of resilience = 90 ft.-lbs. 

31. Steam at a tension of 600 lbs. on the square inch is 
admitted suddenly upon a piston 18 inches in diameter. 
If the piston rod be two inches in diameter and 7 feet 
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long, what is the amount of its resilience at the instant ? 
E = 30,000,000. 

for live load, stress = 97200 lbs. per sq. in., 
gives instant strain = '00324 ft. per ft. of length, 
elongation = '02268 ft. 

resilience of rod = live load x elongation. 

= 48600x lbs. X -02268 ft. 

= 1102x ft.-lbs. 

32. The chain of a crane is 30 feet long and has a sectional 
area equivalent to J of a square inch, what is the amount 
of its resilience when a stone of 1 ton weight resting 
on a wooden frame is lifted by the action of the crane ? 
E = 30,000,000. 

stress = 4480 lbs. per sq. in. 

strain = '000149. 

amount of stress = 2240 lbs. 
elongation = -00447 ft. 

resilience of chain = \ amount of stress X elongation. 

= 5 ft.-lbs. 

33. If the chain be just tight, but supporting none of the 
weight of stone, and if now the wooden fmme suddenly gives 
way, what is the amount of resilience of the chain at the 
instant ? 

Being now a live load, there is an instantaneous strain of 
double the former amount. 

instantaneous strain == '000298. 

elongation = -00894 ft. . 
resilience of chain = live load x elongation. 

= 2240 X -00894. 

= 20ft.-lbs. 

a 

34. The wire for moving a signal 600 yards distant has, 
when the signal is down, a tension upon it of 250 lbs., which 
is maintained by the back weight of the hand lever ; under 
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the circumstances the wire is stretched 1*44! feet (see example 
17), and the back weight of the signal^ which is 280 lbs., rests 
portion of its weight upon its bea. The hand lever is sud- 
denly pulled back and locks: the wire being more intensely 
strained, the signal is raised by the elasticity of the wire 
partially unstraining. If the point where the wire is attached 
to the signal moves through "2 feet, find the range of the 
point where the wire is attached to the hand lever, also the 
force which must be exerted there. 

When the signal settles up the amount of stress on the 
wire is 280 lbs. 

elongation for 280 lbs. _ 280 
elongation for 250 lbs. "" 250' 

elongation for 280 lbs. = ||? X l'** = 1-613, 

additional elongation = 173 ft., 

.*. range of point at lever = range of point at signal plus 

this additional elongation. 

= -2 + 173 

= -373 feet. 

Thus, when the lever is put back there is upon the wire 
for an instant before the signal rises an additional elongation 
of '373 feet Hence the tension on the wire the instant the 
lever is put back will be that due to an elongation of 

(1-44 + -373) ft. = ^'*\'!^^^^^ 250 lbs. 

= 314-8 lbs. 

This is the force which must be exerted at the point 
where the wire is attached to the hand lever. That is, the 
instantaneous value of the force used to raise the signal is 
34*8 lbs. greater than its weight. 

35. On a chain 30 feet long | of a square inch sectional 
area and having a modulus of elasticity of 25,000,000 lbs. 
there is a dead load of 3,900 lbs. and a live load of 900 lbs. 
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Find the amount of resilience of chain when dead load only 
is on, also at instant live load comes on. 

rr stress 

strain 

. . stress 5200 .aaao 

elongation = '006 ft., 

= I X 3900 X -006 
= 117 ft.-lbs. 

Live load gives an additional elongation equal to that for 
a dead load of 1,800 lbs. 

elongation (due to 1800 lbs.) _, 1800 
•006 ft. 3900' 

inst elongation for live load = k^kk X '006 

= -00277 ft. 

Now both the 3900 lbs. and the 900 lbs. worked through 
this -00277 ft. 

.-.additional resilience = 4800 lbs. x -00277 ft. = 13-3 ft.-lbs. 

amount of resilience at instant live load comes on = 25 ft.-lbs. 

36. A rod 20 feet long and | inch in sectional area bears 
a dead load of 5000 lbs. Find the live load which would 
produce an instantaneous elongation of another ^^th inch. 
E = 30,000,000. 

Ana. 3125 lbs. 

37. A rod of iron 1 square inch in section and 24 feet long 
checks a weight of 36 lbs. which drops through 10 feet 
before beginning to strain it. If -B = 25 000,000, find 
greatest strain. 
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Let p =: the stress at instant of greatest strain, then 

strain = £ 

E 

elongation =— -f , 

amt. of resilience = \ amt. of stress x elongation 

= |x?f- = 12|^ft.-lb8. 

Work done by wt. in falling = 36 lbs. X (lO + ^\ ft. 

= 360 + ?^ ft..lbs. 

Equating, 1|' = ?^ + 360. 

p^ - 72jp = 30^, 

p" - 72p + (36/ = 750,001,296, 

p - 36 = 27386, 

p = 27422 lbs. per sq. in. 

.'.strain = •001097ft. per ft. of length. 

38. If the weight in No. 37 had fallen through the 10 feet 
by the time it came first to rest and E = 30,000,000 lbs., 
what is the greatest strain? 

amount of resilience = 360 ft.-lbs., 

ly =360, 

p = 30,000 lbs. per sq. inch, 
strain = '001 ft. per ft. length. 

39. If the proof strain of iron be '001 what is the shortest 
length of the rod of one sq. inch in sectional area which will 
not take a set when subjected to the shock caused by checking 
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a weight of 36 lbs. dropped through 10 feet ? [E = 30,000,000 
lbs. per sq. inch.] 

Let X = length in feet. 

By hypothesis it comes to the proof strain, hence 

elongation = -001 x x ft. 

P. stress =zEx proof strain 

= 30,000 lbs. per sq. inch, 
amount of stress = 30,000 lbs. 
(inst.) amount of res. = J amount of stress x elongation. 

= 15,000 X j^ =z 15a; ft.-lbs. 

Equating to work done by weight, 

15« = 360 
a; = 24 ft. 

Note. This is the shortest rod of iron one square inch in 
sectional area which will bear the shock. The volume of 
this rod is 288 cubic inches, and a rod of iron which has 288 
cubic inches of volume will just bear the shock; as 48 feet 
long by J square inch in area or 12 feet long by 2 square 
inches sectional area. 

The 10 feet fallen through by the weight includes the 
elongation of rod. When the question is to find the shortest 
rod to sustain the shock in the case where the weight falls 
through 10 feet before it begins to strain the rod the volumes 
of the rods would not be exactly equal for different sectional 
areas, for a long thin rod will sustain a greater elongation 
than a short thick one, and as the falling weight work& 
through this elongation over and above the 10 feet the first 
rod will require a greater cubical volume than the second. 

40. Find the shortest length of a rod of steel which will 
just bear without injuiy the shock caused by checking a 
weight of 60 lbs. which faUs through 12 feet before beginning 
to strain the rod. First for a rod of sectional area 2 square 
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inches, and then for a rod of ^ square inch sectional area. 
Given that for steel E =30,000,000 lbs. and iJ = 15 ft-lbe. 

Let A = sectional area in sq. inches and x = length in feet. 

proof stress x proof strain = 2R def 

proof stress ri i j- 

- — :n—i — r- = E def. 

proof strain 

Dividing, (proof strain)^ = -^. 

elongation = TTTrrT. feet. 

Work done by the weight in falling 
= 60lbs. x(l2 + j|^)ft. 

= 720+,f^ajfl.-lbs. 
oU 

Amount of resilience of rod at proof strain 

= R X ( Y^ vol. in cub. in.) 

= iJ X (length in ft. x sec. area in sq. in.). 
= 15 X 03 X 2 = 30a; ft-lbs.^rst 

15 

and 15 — x — ^ = -rX „ „ second. 

Equating for first case, 

30a; = 720+^0;, 

1497a? ==36000, 

X = 2405 ft. length of rod. 

Equating for second case, 
15 h»<^rv 3 

738a! = 144000, 

X = 195-12 ft. length of rod. 
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For the first case length is 288*6 inches, and sectional area 
2 square inches gives 

volume = 577*2 cub. inches. 

While for second case length is 2341*44 inches, and sec- 
tional area J square inch giving 

volume = 586'3 cub. inches, 

which is a little greater. See Note to No. 39. 

This may be exhibited generally; putting W, h, and A 
for^the weight, the distance dropped through, and the sec- 
tional area, 

work done by weight = W ih + x JI^X 

amount of resilience =: R , x . A, 

Equating, RxA = Wh+Wx J=^. 

Wh n. 

MA^wJ^-§ 

vol. = A xl2x cub. inches. 

UAWh 12Wh 



which increases as A decreases. 

41. The greatest (worhmg) stress which it is safe to apply 
repeatedly to iron being 10,000 lbs. per square inch, what is 
the shortest rod of one square inch in section that may be 
employed to check the fall of a 36 lb. weight through 3 feet 
raised and let fall constantly? 

Length, 64 feet. 
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42. Certain rods of wrought iron are for the same structure ; 
those which will not bear a proof strain of '001 are to be 
rejected. The testing machine consists of a ring weighing 
120 lbs., which, falling through distances marked upward 
on the instrument, catches on a collar screwed on the lower 
end of the rod to be tested, whose upper end is fixed. The 
shock producing the instantaneous strain *00I is repeated 
several times, when if there be no set produced the rod is 
passed. From what height on the scale ought the ring to 
be dropped when testing rods 15 feet long by J square inch 
sectional area; also, how high should the collar be above 
zero? ^=30,000,000. 

^^ proof stress 

proof strain 
proof stress = '001 x E= 30,000 lbs. per sq. in., 

amount of stress = 15,000 lbs., 

elongation = 15 x '001 = — ft. = -015 ft., 

amount of resilience = J amount of stress X elongation 

~ 7,500 X ^ = 112-5 ft..lbs. 

Let X be reading in ft. on scale; then 

work in ft. lbs. =: 120a;, and, equating 
120ic = 112-5, 
X = 0-94 ft. 

The collar ought to be above zero the amount of the 
elongation, so that the weight may only have descended 
through the 0*94 ft. when it first comes to rest. 

height of collar = elongation 

= -015 ft. 

43. Find readings on scale from which ring should be 
dropped, and at which collar should be adjusted when testing 
20 feet rods IJ square inches in area. 

reading for ring, 3-75 ft. 
reading for collar, 0*02 ft. 
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44. Wooden piles, 2 square feet in section, are being driven 
by a weight of 7,680 lbs. When 20 feet of a pile is above 
ground, what is the greatest height the weight should be 
dropped from, if 4,000 lbs. per square inch be the greatest 
stress it is desirable to put upon the timber? E =: 1,200,000. 
Neglect the fact that the weight falls through the diminution 
of length of strut. 

height = 5 ft. 

46. It is found that the pile sinks 0*2 feet, so that the 
straining of the timber acts through '2 feet besides the 
elongation. From what height may the weight be dropped 
without fear of injury, considering this ? 

stress = 4000 lbs. per sq. in. 
J amt. of stress = 576000 lbs. 

1 



strain =z 



300* 



1 

augmentation =i — :.-j x '067. 

io 

amt. of resilience = \ amt. of stress x (-2 + -067) 

= 153792 ft.-lbs. 

work - 7680 (x + -267) = 1 53792 'ft.-lbs. 

.-. 7680aj zz: 153792 - 2050. 

= 151742. 

X = 19-3 ft 

From observing now the distance the pile sinks from 
this stroke, another greater height may be calculated from 
which it would be safe to let the rammer falL Should the 
pile, however, come upon a large stone, it might splinter 
when the rammer fell from a greater height than 5 feet 

46. A mass of W lbs. moving horizontally with a velocity 
of V feet per second is stopped by a chain (I feet long and 
a square inches effective sectional area), whose other end is 
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securely anchored. Find the greatest pull on the chain, E 
being the modulus of elasticity, and g the acceleration of a 
falling body. 

A = ^ is the height through which W must is21 from rest 

to acquire the velocity F. Hence kinetic energy of 

Tr= TTlbs. X Aft. 



^9 



ft-lbs. 



This work must be done upon W to bring it to rest, hence 
it is the work W will do upon the chain. 

Let P = greatest pull on chain in lbs. at the instant W 
first comes to rest. 

„ stress 



or strain = 



strain' 

stress __ _P 
E aE* 



PI 
elongation = strain x length = —p, 

amt. of resilience = \ amt. of stress x elongation 

P PI Ty, I 



2 ^ oE'^ '2aE' 



tquatmg, i^g^-"^- 

. p^^aEWT' 



= rV 



aEW 
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47. A waggon going down an incline is attached to a rope 
worked by a stationary engine. Its weight is five tons, and 
its velocity four miles per hour, when it is suddenly stopped 
by the accidental stopping or reversing of the engine. Find 
the greatest instantaneous pull upon the rope, which is 4 
square inches in sectional area, there being 600 feet of free 
rope between waggon and engine. E = 25,000,000 lbs. and 
^r = 32 feet per second per second. 

amount of res. = \ amount of stress x elongation 

"~ 2 1,000,000 "" 1,000,000 

kinetic energy of waggon = 6023*5 ft-lbs. 

Equating, P2= 2,007,833,333. 

.-. P = 44,808 lbs. = 20 tons. 

48. A body of mass W lbs., moving with a velocity V feet 
per second, is connected by means of a chain I feet longj'^and 
of a square inches sectional area, to another body of mass 
w at rest. W and w being great compared to the mass of 
chain, its inertia is neglected. Find greatest pull upon chain. 

As the chain begins to stretch W loses, and w gains 
velocity, till both together with chain arrive for the first 
time at a common velocity, at which instant the tension is 
the greatest possible upon the chain, which will now begin 
to contract, causing w to move quicker than W, again extend- 
ing as TT increases till common velocity is arrived at; finally, 
after many such stretchings and contractings, the chain will 
settle at a fixed pitch of s^uin, and all will continue to move 
at common velocity above. 

Let U = common velocity, 

P =: pull on chain in lbs. (at instant), 

E = modulus of elasticity of chain, 

WV = momBntum when w was at rest, 

{W + w) U ■=: momentum when at com. veL 

WV 
Equating, tr= .j^-— j. 

c 
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Owing to Wb velocity being reduced, it has done a cer- 
tain amount of work upon the chain, and since w has acquired 
velocity the chain has done a certain amount of work upon 
it, and the difference of these amounts of work equals the 
amount of resilience of chain. 

From equation h = ^, where v is velocity acquired by a 
body falling from rest through h feet, we have 

5- = ht TT must fall to acquire veL F, 

J72 
and ^ = ht. W must fall to acquire vel. U. 

F*- IP 
.' . — s = hi W must fisdl to increase from vel. U 

to veL V, 
and W. — s = work lost by W. 

«,.g= work gained by «,. 
diffi of work = i | FCF"- IP)-^!/*}. 

Putting for U its value. 






29 

F« Ww 



2g' W + w 



fbAha. 
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Now upon chain 

. P :» ry StreSS 

stress = - and £ = 



or strain = 



a strain' 

stress P 



PI 
elongation = strain x length = — «, 

amt. of res. = J amt. of stress x elongatioa 

Equating to diflference of work, 

I F2 Ww 



PK 






:. p=zV.^y^^^^^^ihs, 

48a. Same problem by method of the Calculus. Let x^ 
and oc^ be the spaces passed through by W and tv respec- 
tively, and P the pull upon chain at any time t, hence at 
that instant 

elongation = x^-x^. 
strain 

stress = - 



E = 



.P=^^(x,--x,) (1.) 



I 


def. 


p 




a' 




Btress 


PI 


strain "" 


a («2 - ail 
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Since P acceleitttes w we have its acceleration 

dt^ - w^- wl '-** '^'' 

and since P retai-ds W its acceleration 

d^x^ _ P _ Eag . . 

~W - ~ If ^ ~ ~ W ^'"^ ~ '"^'' 

subtracting, 

dF~"~ T^Vr+«;r^ '^'■ 

A differential equation from which (x^ — «,) is to be 
determined. 

Put (flSg— aji) = c cos («< — e), 
then ^^1^ = - n^ix, - x,), 



Equating n^ = -^ (^+ -^, 



^ ^ lEag(W + w) 



V- 



IWw ' 

When t = 0, x^ — o[)^ = 0, 

.-. = c cos (nt — e). 

,\ cos (— e) = 0,OT e =: -^. 

.'. (a?2 — aJi) = c cos (nt — ~ 1 

= c sin nt 
Differentiating, 

-TT ■" "jt = "^0 cos 71^. 
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Since -rr and -^ are the velocities of F"and w, their differ- 
at at 

ence is zero at instant of greatest strain. 
,-. O=:nccosnt 

.'. nt =^ (2m + 1) o, where m is any integer. 

. • . t = — a TT, gives times at which TTand w come 

to a common velocity. 
When ^ = 0, the difference of W and v/s velocities is V, 

" dt W~ ' 

,', V =nc cos 

= TIC 

___ r 

. . C — • 

n 
Sub. into P = -y- (ajg — ill) 

Ha . - 
= -J- c sm nt 

_Ea Y 
~ I ' n 



= r. 



Ea I IWw 
I '^Eag (W + w) 



= F.^. 



EaWw 
lg(,W + w)' 
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Other things being constant, this is greatest when W =w, 
for (TT + w) constant. 

Note also that the stress 



p = ^=V I- 



EWw 



Ig (TT + w)' 

which increases if a be decreased, although the amount 
of stress P decreases, so that the only way to lessen P with- 

P . 

oat increasing — is to increase I the length of chain. 



49. A mass of 6 tons, intended to act as a dra^ upon a 
ship being launched, is connected by means of a diain 100 
feet long and 8 square inches effective sectional area, and J? 
= 25,000,000. Find the pmtest pull on the chain if the 
ship, when floating, have inertia equivalent to a mass of 
400 tons, and it be estimated that her velocity will be 20 
feet per second when the drag comes into play. 



P = 



aEWw 



l9(W + w) 

8 X 25000000 X 896000 x 11200 



* 

~ ^W 100 x32~x (896000 + 11200) 

= 20^691368026 

= 626874 lbs. = 235 tons total pull. 

■-'P = (I) = ¥ = 29 tons per square inch. 

which is about the utmost stress that wrought iron can 
bear. 
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Internal Stjress. 



In the following pages^ except specially stated^ we pre- 
mise that — 

a. All forces and stresses are parallel to one plane. 

b. That plane is the plane of the paper in all diagrams. 
Hence planes subjected to the stresses we are considering 
are shewn in diagrams by strong lines, their traces. 

c. The diagrams represent slices of solid, of unit thickness 
normal to the paper ; hence, the lengths of the strong lines 
are the areas of the planes. 

d. The stresses are supposed constant both in direction 
and intensity which are normal 
to the paper, or every point on a 
diagram is in the same circum- 
stances with respect to stress 
normal to the paper. I -.,^,jy 

e. The relative position of two 

E lanes is. measured by the angle 
etween their normals. 

/. The obliquity of the stress 
to the plane upon which it acts 
is the angle its direction makes 
with the normal to the plane. 

These premises save a great 
deal of wording in the enuncia- 
tions, and, therefore, of apparent 
complicity. 




Fig. 9. 



Internal stress at a point in a 
solid in a simple state of strain. 

Let the axis ox be drawn in 
the direction of the stress P. Let 

AA be any section normal to this axis. Since the stress 
is uniformly distributed over AA, the intensity of the 
stress at au points of the plane AA is the same. Con- 
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sider the point o, the intensity of the stress at o on 
the plane normal to ox is 

total stress __ p 
area of plane "~ aa' 

Through o draw any oblique plane, bb, whose normal, ON, 
makes the angle 6 with ox. The stress on this plane is in 
the direction ox, and the amount of stress upon it is P (for 
the equilibrium of the parts). But the intensity of the 
stress on bb is less than p, since p is spread over a larger 
area than AA. 

Since aob = 0, 

«„ J — = cos aob, 

and OB ' 

OA 



.'. OB = 



BB = 



COS 6* 

AA 



or COS e' 

intensity of stress on bb = ^^ ^^^^ 



area of plane 
p 



bb 
p 



V cos 6/ 

= — . COS 
AA 

= p . COS. 6. 

Hence the internal stress at all points within a solid, in a 
state of simple strain, is parallel to the direction of that 
stress — ^is greatest in intensity on the plane normal to that 
direction— on any other plane inclined at an angle 6 to last, 
the intensity is one (cosine d)th part of that intensity^ 
and zero on any plane parallel to the direction of the stress. 
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The stress p cos fl on bb being oblique to bb, it is con- 
venient to resolve it into components normal and t&ngentia] 
to BB respectively. 

The arrow p cos 6 represents the stress at the point 
on the plane BB; from its extremity perpendiculars are 
dropped on ON and BB, \vhich, hy parallelogram of forces, 
give }>nand j?i,tlie intensities of the 
mal and tangential respectively. 





.£=_ 


_ 


cc 


bB 


def 


p 


cose 












V' 




p 


«08 


ft 




Pi 


— 


Bin ft 




3 










J* . 


Pi 




P 


sin 


deoB 




From the superposition of forces these two sets of forces 
may be considered independently of each other. For some 
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cases in designing it might only be necessary to consider 
one set^ if it were manifest that in providing for it there 

would be more than sufficient 
provision made for the other. 

It is ar,parent from symmetay 
that for the plane CO inclined at 
the angle 6 on the other side of 
the axis the stress is the same in 
all particulars as that on BB. 

On a pair of planes whose ob- 
liquities are together equal to a 
right angle, the intensities of the 
te^gential stresses are equal, and 
the sum of the intensities of the 
normal stresses equals the inten- 
sity of the initial stress. 

Liet BB be inclined at the angle 
6, and dd at the angle ^, 




where 



+ ^=|. 



On BB, 



ipn =pCOS'^ 6, 

\pt = pain 6 cos ft 



OnDD, 




Ip: 


= p COS*^ ^, 

^ psin ^ cos 0. 


But 




flin 6 


= cos ^, and cos 6 sin <p. 


• 




Pt 


Pt, or the tangential component 
stresses have the same inten- 
sity on both planes. 


AIro 


Pn 


+ Pn 


p (cos2 e + cos2 ^) 
p (cos2 + sin2 6) 

= p; 



or the sum of the intensities of the normal component 
stresses equals the intensity of the primary stress. 

There are therefore at one point o four planes BB, dd, cc, 
and EE, two inclined on each side of ox, upon which the 
tangential stress has the same intensity. 
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Grouping together the pair of planes bb and ee, the one 
inclined at 6 on the one side of ox, and the other at <p upon 
the opposite side, and therefore at d + ^, or 90"* to each other, 
we find that at any point two planes being chosen at right 
angles to each other the tangential or sheari/ng stresses are 
of equal intensity, and the sum of the intensities of the 
normal stresses is equal to the intensity of the primary stress. 






2V^^ 




For all planes such as bb, dd, &c., that which is inclined 
at 45** sustains the tangential stress of greatest intensity, 



for 



pt=P ^i^O cos 6, 
= 1 sin 2a 

pt is greatest when sin 20 is greatest. 

sm 26 = 1. 
26 = 90* 
e = 45" 



w 


» 


ff 


n 


>♦ 


w 
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The tangential stress on a plane such as bb is called a 
shearmg stress. Many substances fracture under a shearing 
stress very readily. Notably cast iron under a strain of 

compression fractures by shearing along an 
oblique plane, the one portion sliding upon 
the other. The resistance then which cast 
iron offers to shearing is that which must 
be considered in designing short pillars to 
beax great loads. The planes upon which 
the intensity of the shearing stress is 
greatest, that is, planes, inclined at 45'' to 
the direct thrust, are those upon which it 
will shear. As the texture oi the material 
is never homogeneous it may sheaa: along 
planes more or less inclined than 45"*, also 
the toughness of the skin will cause great 
irregularity. 

Brick stalks give way by the mortar 
shearing, and the upper portion sliding 
down an oblique section like a splice. 




Fig. 14. 



Examples. 

50. A short pillar 2 square feet in area bears a load of 36 
tons, find the intensity of the stress upon a plane section of 
it inclined at 20° to the axis, also the intensities of the 
normal and tangential component stresses on it. 

80640 oQAiv • i> 

V = QQQ = 280 lbs, per sq. mch 

Zoo 

on oblique plane, 
intensity 



pcmQ = 263*1 lbs per sq. inch, 
^cos20 = 247-3 ^^ ^^ 

p sin Q cos = 90 „ „ 



51. Find greatest intensity of shearing force on a plane 
^section of pillar in last 
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It will be upon a plane inclined at 45°. 

pt = p sin 45** cos 45** 

JL J_ -£ 
= 140 lbs. per sq. inch. 

52. A stone obelisk weighing 200 tons, and covering an 
area of 10 square feet, stands above a slate formation in- 
clined to the horizontal 10^ find the intensity of the stress 
normal and tangential to the beds. 

pn = 301*8 lbs. per sq. inch, 

pt = 53-2 



j> » 



Compound State of Strain. 

A solid is in a {compound) state of strain when subjected 
to two or more simple stresses in difierent directions simul- 
taneously. We proceed to consider a solid in such a state of 
strain without enquiring how it was brought into that state; 
all its parts being supposed to be at rest, and all the parts 
into which it may be divided in equilibrium under the stresses 
exerted among each other, due to their elasticity, and those 
exerted at the external surface : but at the outset we do not 
regard those external stresses. 

Upon any plane passing through a point within the solid, 
the stress at that point is definite in intensity and direction; 
for if along that plane the solid were divided into two parts, 
the mutual pressures between the cut surfaces at that point 
(no matter now complicated) can be compounded into one 
force, definite in amount and direction. Along this plane 
the intensity and direction of the stress varies, and at the 
point wiU only be constant over a very small part of the sur- 
face round it. If the stress be stated in lbs. per square inch, 
the total stress on this small surface which we are considering 
would be a mere fraction of the intensity. It will be con- 
venient to consider the intensities of these stresses to be 
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expressed, say, in lbs. per miUionth part of a square inch, 
SO that in the diagrams two or three arrows (each representing 
the intensity) may be drawn to represent the total amount 
of stress upon such small planes, without leading us to the 
supposition that they are of a few square inches in extent. 
And yet whatever results we arrive at are equally true for 
intensities expressed in the usual units, for the intensity at 
a point on a plane, upon which the intensity varies, can be 
expressed to any degree of accuracy in lbs. per square inch. 
Thus, at the point, the intensity of the stress in lbs. per square 
inch equals roughly, nearly, more nearly, &a 

Amt. of stress on the sq. in. surrounding point, roughly, 
10 times amt. of stress on the ^th of a sq. in. surrounding 

point. 
100 times amt. of stress on the roir^^ ^^^ ^- ^- surrounding 

poini 
1,000,000 times amt. of stress on the iooooo t^^^^ ^^ & ^- i^- 

surrounding point, &c., &c. 

Let oao'b be a small rectangular parallelopiped at the point 
o in a solid in a state of strain. 

Let q = intensity of stress on the faces OA and o'b at an 
obliquity a. 

p = intensity of stress on faces OB and o'a at an qbli- 
quity ^. 

The normal components are — 

i>n=jPC0Sj8, 

q^z=z q cos a. 

The two sets of forces pn directly balance each other, and 
may be removed, and idso the two sets q^^ leaving the 
parallelopiped in equilibrium under the action of the tan- 
gential components. 

j9« = ^ sin )9, 

g^t = ? sin a. 

The amount of tangential stress on OA and o'b is the in- 
tensity multiplied by area o£face. 

= g« . o A. 
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Also the amount on 
each of the faces OB 
and o'a. 

= pt . OB, 

The two forces qt.OA 
form a couple with a 
leverage OB tending 
to turn the parallelo- 
piped in the direction 
in which the hands 
of a watch turn, while 
the two forces pt . OB 
form a couple with a 
leverage OA tending 
to turn it in the oppo- 
site direction. Since 
the parallelepiped is 
in eqmlibrium un- 
der these two actions 
alone, the moments 
of these two couples 
must be equal. 

Foree. Leverage. 
qt.OA X OB, 

= Pt. OB X OA. 

Now the 
multiplied 

length OB gives the 
volume of the paral- 
lelopiped, and the 
area ob multiplied by 
the lenfii^h OA also 
gives ^ volume. 

.-. qt.V=^pt.V, 

9t = Pt 

Hence, at a point 

within a solid in a 

state of strain, the 

tangential compon- 



area OA 
by the 




■^"ct 



wtensvtiuts antLMLqivatias'atO nf 
stresses upon OA and. OB 



fkfi tk li'P^fi 



(ffL- 



V«r 



^g^sr^E 




NormdL camponmta 

n u 



InwistJuUs of ioA^enuoL 
comfoneni^ 




9iCiA. 



O Tt- OT ' il 



Anum/vcs aftahgavtuiL stress 
Fig. 15. 



qn 



-<. qn, 

■^ qn. 
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ents of the stresses upon any two planes through it at right 
angles to each other are of an equal intensity. 

Cob. — If it be possible that the stress upon any place 
through a point be wholly normal, Oxen will the stress be 
wholly normal upon another plane at right angles to that 
_ plane. 

At a point within a solid in a 
state of strain the directions and 
intensities of the stresses upon 
two planes at right angles to 
each other being given, to find 
the direction and intensity of 
the stress upon any third plana 
Let q the intensity of the 
stress at o on the plane aa' he 
inclined to the nonnal at the 
"' i. angle a; 

* Let p the intensity of the 

stress at o on the plane BB be 
inclined to the normal at the 
angle j8; 

These two planes being in- 

i^- 1* clined to ea^ other at a right 

angle. It is required to find the intensity and direction of 

the stress on a third plane cc' through o inclined at any 

angle 9 to AA. 

Consider a small triangular 
prism OAB at o bounded by 

fortions of these three planes. 
t is in equilibrium under 
the stresses q on the face OA, 
p on the face OB, and the re- 

Juired stress r on the face AB. 
t is to he borne in mind that 
OAB is so small that all the 
planes oA, ob, and AB pass 
through fjie point o. Look 
upon OAB as a small part at o 
of the preceding diagram en- 
larged. 
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ChoQsing ox and OT along OA and ob as rectangular axes, 
and resolving ^ and g into components normal and tangential 
to the planes they act upon, we have 

Pn = P cos j8, normal to OB, 
qn=^ q cos a, normal to OA, 
and pt =: psin p, tangential to OB, 
qt =q sin a, tangential to oA. 



.jffttU'jfXfnt o Uf' 







Fig. 18. 

Since the intensities of the tangential component stresses 
upon the two planes OA and OB must be equal, one symbol t 
is put for both upon diagram 

t = pt =qt =psin ^^zqsin a. 

Note that OA = ab sin 6, and ob = ab cos 6. 

D 
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Lay off OD =: force parallel to the axis ox 

=z amount of normal stress on ob + amount 
of tangential stress on OA 

=z pn * OB + t,OA 

= Pn.AB COS 6 + t .AB Hin 6 

= AB (pn COS 6 + t sin 6), 

Lay off OE = force parallel to OY 

= amount of normal stress on OA + amount 
of tangential stress on OB 

=1 g^n . OA + ^ . OB 

= qn.AB HID. 6 + t,AB C08 6 

= AB (qn sinO + t cos 6). 

And completing the parallelogram we have for equilibrium 

RO = amount of stress on AB in direction and 
magnitude, 

since RO^ = OD^ + oe^ 

= ab2{ (p^ COS0+ f sin0)2+ (q^ siad+t cos 6)^} 

=2 AB2{p„2 cos2 e + 2pnt sin cos + P sin2 

+ q'n^ sin2 d + 2qJ sin 6 cos O + P cos2 6 } . 

Adding 1st and 4th teims, 2nd and 5th, 3rd and 6th within 
the brackets, and noticing in adding last pair that sin2 + 
cos2 --ly^Q have 

m^=AB^{Pn^ coB^ e+qr,^ siu^ d+2t (p„+?,0 siu d COS e+P [. 

Now the intensity of the stress upon AB equals the total 
stress upon it divided by the area of the plane AB. 

RO 

.-. r= — 

AB 

= JiPn" cos2 e+qn^ sin2 e+2t (pn+qn) siu 6 COS e+P} ; 
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also tanX0R = — 



DO 

OE 
OD 



On Bind + t COS Q . 

= ^^ /. . ^ ♦ — 5 gives XOR. 

p„ COS + < sm d ° 

Hence the obliquity of the stress r to the plane AB is 



y = NOH 
= XOR - Q. 

Thus we have found r and v, the intensity and direction 
of the stress upon cc' in terms oip, q, a and j8. Hence, for 
a body in a possible state of strain, if at any point the 
stresses be given upon a pair of rectangular planes through 
it, the internal stress at that point is known. For the same 
point the internal stress might be known from having the 
stresses on different such pairs of rectangular planes. These 
are called equivalent sets of stresses. By a more elaborate 
process we might show that the internal stress at a point is 
known if the stresses on any pair of planes, not coincident, 
be given. 

For some position of the plane cc' the stress or will 
coincide with the normal ON, and we will have 

6 = XON = XOR. 

+o„ ^ __ gnsin^ + ^cos 6 

. . tan u — 7% — : — 7 — • /\t 

PnCOsO + t sm 6 

sin 6 ^ qnsm 6 + t cos 6 
cos 6 "" jpn cos + t sin 6^ 



or 



and clearing of fractions 

pn sin 6 cos 6 + t sin^g z= qn sin 6 cos 6 + t cos^ 6. 
.' . (pn -qn) sin 6 COS 6 = t (cos^ 6 - sin^ 6). 

.-. 2^^"-2 sin ecose = t (cos' 6 - sin' 6), 
.-. ^^*^gin20 =:tcos2e. 
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sin 2 
cos 2 6 



= t. 



or tan 2 = 



Pn-qn 

2^ 

Pn-qn 



Two values of differing by a right angle will satisfy this 
equation ; that is, there are two planes cc' and f/ inclined at 
an acute angle and an angle 90 + respectively to aa', 
and therefore at right angles to each other, upon which the 
stresses are wholly normal, the value of being such that 
the tangent of twice equals the ratio of sum of the com- 
mon intensity of the tangential stresses upon AA'' and Bl^ 
to the difference of the intensities of the normal stresses 
thereon. 



Xr 





^ar 



Fig. 19. 



Fig. 20. 



Now if we know the internal stress at o from having the 
stresses upon the pair of rectangular planes aa' and bb' given, 
we may calculate the stresses upon the pair of rectangular 
planes ccf and f/, and so express the internal stress at o by 
means of this equivalent set. Of all the equivalent sets at o 
this is the simplest by means of which to express the internal 
stress, as the intensities only, of the stresses upon cc' and 
ff' require to be specified, being normal, and the position 
specified of one only of the planes since they are rect- 
angular. 

Let aa' and bb' be the pair of rectangular planes through 
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Fig. 21. 



o upon which the stresses are wholly noimal, they are called 
the planes of principal stress, the stresses themselves the 
principal stresses at the point o, and the axes ox and OY the 
cuxes of principal stress at that point. 

If the stress be oblique upon 
a plane through a point within 
a solid in a state of strain, and 
another plane be drawn through 
the point parallel to the stress 
thereon, then will the stress upon 
the second plane be parallel to 
the first plane. 

At the point o let p be the 
stress on the plane bb'. Draw aa' parallel to p, then will 
q be parallel to bbT. 

Consider the equilibrium of the parallelopiped OAO'B at o. 

p and p' (the amount of the 
stress on the two faces OB and 
AO') are equal and in one straight 
line, being drawn parallel to OA 
through E and F, the middle 
points of those faces. Therefore 
they are in equilibrium, and may 
be removed, leaving Q and 4 ^^ 
equilibrium themselves. Hence 
Q and 4 are in one straight line, 
and as this straight line passes 
through c and 2), the middle 

points of the faces OA and sdy ^^ 

it is parallel to ob\ that is, g is ^ J2: 
parallel to b:^. 

These are called a pair of 
conjugate stresses. Being in equi- 
librium independently of each 
other, these stresses can be con- 
sidered separately. 




V P p 




Fig. 22. 



Cor. The principal stresses are also conjugate. 
In the following examples the stresses are positive. 
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53. At a point within a solid the stress on a plane bb' 
through it is 90 lbs. per square inch, and inclined to the 
normal at an angle of 20°, 
while the normal compon- 
ent of the stress on another 
plane through it (aa' at 
right angles to BB) is 60 
1m. per square inch. Find 
""^ the total stress upon this 
other plane. 
Given stress on bb' 

p=90and/3 = 20°, 
normal component 

p„ = 90.cos20''=84-41, 
tangent, component 
Fig. 43. P( = 90 . sin 20° = 30-78. 

Let q be the required stress on aa' and a its obliquity, 
its normal component 5,, = 60, 
and <it = ft = 3078. 

Hence g*= g„'+ qt = 4547-4, 

q = 67'4 lbs. per sq. inch, 

also cos a = ^-- = -89. 

a = 27° r. 

The total stress on aa' is 674 lbs. per square inch, and is 
inclined at 27° 7' to the Dormal. 

51. aa' and bb' are a pair of rectang;ular planes through a 
point within a solid, the stress on bb' is 3280 lbs. per square 
inch, and its obliquity is 10°. The normal component stress 
on aa' being 2000 lbs. per square inch, find the intensity 
and obliquity of the total stress upon it. 

q = 2080 lbs. per sq. inch. a = 15° 37. 
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55. In last find the stress on cc a third plane through the 
point inclined at an angle of 30** to bb'. See* diagram to 
general proposition, page 49, which is drawn to scale for 
this example. 

pn = 3280 cos 10^ qn = 2000, t - 3280 sin 10° or 2080 sin 16°. 
= 32301. =569-5. 

Lay off along ox the total amount of stress parallel to its 
direction. 

OD = amt. of normal stress on OB + anit. of 
tan. stress on OA 

= 2^» . OB + ^ . OA. 

= Pn . AB COS + ^ . AB sin 6 

= AB (pn COS + ^ sin 6) 

= AB (3230-1 X COS 30° + 569-5 sin 30*) 

= AB (2797-4 + 284-8) = 3082*2 ab. 

Lay off OE = total stress parallel to axis OY 

= amt. of nor. stress on OA + amt. of tan. 
stress on OB 

= qn.ox + t,OB 

= qn . AB sin 6 + t .AB cos 6 

— AB (gn sin + ^ cos &) 

= AB (2000 sin 30' + 5695 cos 30°) 

= AB (1000 + 404-6) = 1404-6 AB. 

now or2 — od2 + 0E*= 11472700 ab^ 

OR = 3387 AB total stress on ab, 

total stress on ab 
area of ab 

= — = 3387 lbs. per sq. inch. 

., , OE 1404*6 .^.- 

Also tan XOR = — = o/xo-»^ = '4f oo7. 

CD 3082*2 

XOR = 24' 30' and y =: XOR - 30 = - 5' 30'. 

The intensity of the stress on cc' is 3,387 lbs. per square 
inch, and is inclined at an obliquity of 5° 30'. 



and 



r = 
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56. In example 53 find the intensity and obliquity of the 
stress on a third plane through the point inclined to bb' 
at5^ 

T = 93-8 lbs. per sq. inch, y = 17° 28'. 

57. The internal stress at a point within a solid in a state 
of strain being given 240 lbs. per square inch, of obliquity 8^ 
on one plane bb' through it, and 193 lbs. per square inch, of 
obliquity 10°, on the rectangular plane aa'. Find the position 
of the planes of principal stress. 

. _ f ^t = 240 sin 8° = 33-4, 
^~ (g, =193 sin 10°=: 33-4. 

These must be equal or the stresses as given are im- 
possible. 

Pn = 240 cos 8° = 237-6, 

gn = 193 cos 10° =190. 

Let d be the inclination of the planes of principal stress 
to the plane Bif. 

tan 20= J^ -zi: 1-4034. 

:. 20 = 54° 32' or 234° 32' 
.-. e = 27° 16' or lir 16'. 

If bb' be the plane upon which the 
given stress is 240, and ox the normal 
to it, then cc' and dd' are the planes of 
principal stress whose normals ON and 
CM make 27^* 16' and 117° 16' with ox 
Fig. 24. " respectively. 

58. Find the principal stress in example 57 ; that is, find 
the stress upon a third plane cc', inclined at 27° 16' to bb'. 

CD = p„ . OB + ^ . OA 

= AB (pncos 6 + tsiaO) 

= AB (237-6 cos 27° 16' + 33*4 sin 27° 16') 

= 226-5 AB. 







c' 
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OE = g'n . OA. + ^ . OB 

= AB {qn sin + ^ COS 6) 

= 116-7 AB. 
or2 = od2 + oe2 = 64910 ab2. 
OR = 254-8 AB. 

r = — = 254-8 lbs. per sq. in, 

AB 1 ^ 

and is of course normal. 

In finding the other principal stress — that is, on third 
plane dd', inclined at 117* 16' to bb', we may use the func- 
tions of this angle and proceed 
as above, observing signs; but 
it is better to take the func- 
tions 

of DOK = 62^ 44', 

when OA = ab sin 62** 44', 

and OB = AB cos 62° 44'. 

OD = ^n . OB — t . OA, 

since t acts against j9„ 

= AB (pncos 62' 44' - t sin 
62° 44') 

= AB (108-86 - 29-69) 

= 79-17 AB. 

OE = g^ . OA — ^ . OB, since t acts against qn 

= AB (^nsin 62° 44' - t cos 62° 44') 

= AB (168-89 - 15-3) 

= 153-6 AB. 
so^ = od2 + oe2 = 29858 ab^. 
so = 172-8 AB 

s =— = 172 8. 

AB 

The principal stresses are 254*8 and 172-8 lbs. per sq. inch. 




Fig. 25. 
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59. In Ex. 57 find the stress on a plane go' inclined at 
30" 39' to bb'. 

Directly from data as given in 57, 

OB = pn.OB + t.ox 

= AB (pn cos 6 + t sin 6) 

= AB (237-6 cos 30° 39' + 33*4 sin 30' 39') 

= 221 AB. 
OE = g'„ . OA + ^ . OB 

= AB (qn Bind + t COS 6) 

= AB (190 sin 30° 39' + 33-4 cos 30° 390 
= 125-59 AB. 
or2 = od2 + oe2 = 64792 ab2. 
OR = 254*5 AB. 

r = — =: 254*5 lbs. per sq. in. 
AB r ^ 

Also tan xor:= — =z 5673. 

OD 

.-. XOR = 29° 34' 

y - - XOR = 30° 39' - 29° 34' 
= 1° 5', obliquity of r upon gg'. 

To find the stress upon GG by finding the principal stresses, 
first as in 58, and then finding the stress upon GG from 
these. 

The plane of greatest principal stress cc' is inclined to bb', 
the given plane, at 27° 16' ; hence gg' will be inclined to cc' 
at 3° 23'. Hence we have the principal stresses 254*8 and 
172*8 to find the stress upon GG inclined at 3° 23'. 

Since there are no tangential stresses on cc' and dd' we 
have 

OB = p,OB 

= j9 . AB COS 6 

= AB . 254*8 COS 3° 23' 
= 254-3 . AB. 
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OE = g' . OA 

= g . AB sin 6 

=z AB 172-8 sin 3° 23' 

= 10-2 . AB. 
or2 =z od2 + oe2 = 64764 ab^. 
OR = 254*5 AB. 

r =: — =z 254"5 lbs. per sq. in. 

AB r u 

tan X0R = --=i= 04011. 

OD 
XOR =z 2° 18'. 

y =: - XOR = 3° 23' - 2' IS' 

= 1° 5', obliquity of r on gg'. 

60. At a point within a solid in a state of strain, the 
stresses upon a pair of rectangular planes through it are 
given — on bb' the intensity of the normal component stress 
is 40, on aa' the intensity of the normal component stress is 
30, and the tangential component stresses are each of inten- 
sity 10. Find the obliquity to bb' of the planes of principal 
stress, and find the principal stresses. 

Tan 2 = 2. .-. 6 = 31^43' and 121^43'; 

for 9 = 121- *3' { °J r ^^If^ j- .-. . = 23-8. 

61. In 60 find the stress on a plane inclined at 46° 43' to 
bb'. Deducting 31° 43', we find the plane to be inclined at 
15° to the plane of greatest principal stress. 

Using results of 60, and t being then zero, 

r = 45 and y = 7° 8'. 
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Rankine's Method of Ellipse of Stress. 

The preceding method of finding the stress upon any par- 
ticular plane through a point at which the 8tat« of strain is 
known, is too tedious to be readily remembered or applied, 
and becomes intricate when the stressea are some thrusts 
and others tensions. We now proceed to a general method. 
Having already proved that there is a pair of principal 
stresses at a point, we proceed, upon the supposition that 
these are given, to find the stress on a third plane through 
the point. 

Equal-like principal streases. If the pair of principal 
stresses at a point be like 
™, (both thrusts or both ten- 

sions), and be of equal 
intensity, the stress on 
any third plane through 
the point is of that same 
intensity, and is normal 
to the plane. 

Let aa' and bb' be the 
planes of principal stress 
at the point o, and let 
the intensities of the 
principal stresses, p and 
Fig. ae. q, be equal and alike 

(both thrusts). 
co' is any third plane through o, inclined at 9 to AA'. 
CAB is a small triangular prism at o, having its faces in 
those planes. This prism ia in equilibrium under the three 
forces — the total thrusts under oa, ob, and ab. 
Lay ofi" CD = total stress parallel to oy 




OE = total stress parallel to ox 



Complete the parallelogram. 
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Then RO represents the total stress on ab in direction 
and amount. 

OE (7 . OB OB • 

tan ROD = — = ^-^ = — , since ^ = ?. 

OD p.OA. OA 
.-. ROD = OAB 

= 6. .'. OR is upon ON. 
Hence RO is normal to ab. 



And 



Now 



R02 = OD^ + 0E2 

= p2 0A2+ q^.OB^ 

= p^ (OA^ + ob2), as jp =-- g', 

, RO = j9 . AB. 

amount of stress on AB 



r — 



area of AB 



RO 



•^. 



AB 

= p or q. 

Cor. Every plane through o is a plane of principal stress. 
Each point in a fluid is in this state of strain. 

Equal-unlike principal stresses, — If the pair of principal 
stresses at a point be unlike (one a thrust and the other a 
tension), and be of 
equal intensity, the 
stress on any third 
plane through the 
point is of that same 
intensity, and is in- 
clined at an angle to 
the normal to the 
plane of principal g 
stress, equal to that ^ 
which the normal g 
to this third plane 
makes therewith, but 
upon the opposite side. 

Let aa' and bb' be the planes of principal stress at the 
point o ; p and q the intensities of the principal stresses of 



"'W 





-riE 



Fig. 27. 
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equal value, p being a thrust and q a tension ; and cc' any 
third plane through o inclined at to aa'. 

OAB, a small triangular prism at o bounded by these three 
planes, is in equilibrium under the three forces, viz., the 
amounts of stress on its faces OA, OB, and ab. 

Lay off OD = total stress parallel to ox, 
=: p . OA, 
and OE = total stress parallel to o Y in the direction of q, 
= q,OB, 

Complete the parallelogram odre. Then RO represents 
the total stress on ab in dii-ection and amount. 

OE a. OB OB 

.*. tan ROD =: — = =: — =: tan CAB 

OD p . OA OA 
ROD = OAB =: 6. 

That is, RO is inclined at the same angle to the axis ox as 
ON is, but on the opposite side. Hence the inclination of 
RO to the normal ON is 2 ft 

Again RO^ z=: OD^ + OE^ 

=: p^ . 0A2 + §2 , ob2 
= p^ (0A2 + 0B2) 
=2p^.AB^; 
.'. RO =: p .AB, 

_ amount of stress on ab 
~ area of ab 

_ RO 
~ AB 
= p or q. 

Consider the triangle of forces OER, we have OE drawn 
from o in the direction of q, then er drawn from E in the 
direction of p ; hence RO, taken in the same order, is the 
direction of r. 

If 6 be greater than 45', r is like q. 

If 6 equals 45**, r is entirely tangential to ab. 

If 6 be less than 45"*, r is like p. 
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Hence, if the principal stresses at a point be equal and 
unlike the stress on a third plane, is of that same intensity, 
is like the stress on the plane it is least inclined to, and its 
direction is inclined to the axis at the same angle as the 
normal is, but upon the opposite side. If the new plane be 
inclined at 45% the stress is entirely tangential. 

The principal stresses at a 
point within a solid in a state 
of strain being given, to find 
the intensity and obliquity of 
the stress at that point on a 
third plane through it. 

aa' and bb^ are the planes 
of principal stress at o; -p and 
q are the principal stresses. 
Let p be the greater, and let 
them be both positive, say 
both tensions. It is required 
to find r, the intensity of the 
stress upon cc', and y, the 
angle it makes with ON, the 
normal to ccf. Q is the inclin- 
ation of cc' to aa', the plane 
of greatest principal stress. 

Of two unequal quantities 
the greater is equal to the sum 
of their Imlf sum and their 
half difference^ while the lesser 
equals their difference. 



p^ 



M 



V 



pppp 









Fig. 28. 



.•. p = ^2~^ ■*" ^~2^' ^ identity. 



1 P + q p—q 

and q = -^^ - ^-^-^ 



}i 



We may look upon the plane aa' as bearing two sepaiute 

tensions of intensities ^ "Z- and 2__-2 in lieu of the 

2 2 

tension of intensity p ; and on the plane bb' as bearing a 



tension of intensity 
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P + 1 , 



' and a thrust of intensity 



p-q 



in lieu of the tension of intensity q. We may now group 
these together in pairs, thus : the tension on AA of intensity 

a ■ along with the tension on bb' of intensity ■^. , 
and the tension on aa' of intensity -a along with the 
thrust on bb' of intensity ^ ., — . Then find separately for 




each pair the stress upon cc', and finally compound these 
two stresses on cc' by means of the triangle of forces. The 
first pair is a pair of equal-like principal stresses (both 

tensions of intensity -— s~-)- So the consequent stress on 

cc' will be a tension of intensity ~a~^, and normal to cc'. 
>nd pair is a pair of egtud-unltke principal stresses 



of intensity -^ ^ " (a 



on aa' and a thrust o 



»'), 
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SO the consequent stress on cc' will be of intensity a 

and inclined at an angle 6 upon the side of ox opposite from 
that upon which ON is. 

Figure shows these partial resultant stresses on ab, a 
very small part of cc', at o. To 
find the total resultant stress upon 
cc', it remains to compound these ,^' 
by the triangle of forces. From ^/' 

^ ^ = the m- 




o lay off CM =: 2 

tensity of the first partial stress 
and in the direction thereof, i.e., 
along ON. From M draw MR 

= ^^ = the intensity of the 

second partial stress and in the direction thereof, i,e, parallel 
to OS, which direction is most conveniently found by describ- 
ing from M as centre with radius mo a semicircle qop, and 
joining QMP. 



Fig. so. 



r 



wis 




Fig. 81. 

Then will or, the third side of the triangle OMR, taken in 
the opposite order (see arrows) be the direction and intensity . 
of the resultant stress r on cc'. 

E 
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The preceding construction, a^ shown on last figure, is 
geometrically all that is required, p and q being given to 
find r; the text and figures given before being the develop- 
ment and proof. 

From the construction note that 

MP = MQ = OM = L ; 
also QR = MQ + MR 

_p±q , p-q 
- 2 "^ 2 

and PR = MP — MR 

_ pj-_q _ p-j_ 
~ 2 2 

RMN =: W, 

ROM = y, the obliquity of r. 

Normal and tangential components of r, the stress 
on the third plane cc'. 

Drop RT perpendicular to on. 
The tangential component of r is 

rt =: RT X 

=: MR sin RMT 



\ 




P-<1 



sin 20 



Fig. 32. 



— (p — q) sin 6 cos 6, 

since sin 26 

= sin (6 + 6) 

= sin 6 cos 6 + cos 6 sin 

=: 2 sin cos 6, 



Cor. — If dd' be the plane at right angles to cc', its inclin- 
ation to the axis ox being 0" = {6 + 90**), the sine of which 
equals cos 6 and the cosine of which equals — sin ; the 
value of Tt for dd' will be the same as above, that is, the 
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tangential compoDents of the stresses on any pair of rec- 
tangular planes is the same. This we arrived at by the 
general method, page 42, which compare. 

The normal component of r is 

r^ =: OT 

1= OM — MT 

= CM — MR COS RMT 

== OM + MR COS RMN 

(These two angles have the same cosine, but 
of opposite sign.) 
= CM + MR cos 26 

= CM X 1 + MR . COS (0 + 6) 

= P J-* (cos^e + sin20) + P-^ (cos^e - sin20) 

=: p . cos*0 + q . sin^^. 

Cor. — If 8n be the normal component of stress on dd' the 
plane at right angles to cc', whose inclination to ox is 
ff = (d + 90"), then 

8n = p cos^ ff + q sin^ 6". 
But cos 0' = — sin 6, and sin 6' = cos 9. 

8n = p sin^ 6 + q cos* 6. 
Now, Tn = p cos* 6 + q sin^ 6, 

and adding, we get 

8n + Vn = p (sin^e + cos20) + q (sin^^ + cos'0) 
= p + q. 

That is, the sum of the normal components of the stresses on 
any pair of rectangular planes is equal to the sum of the 
principal stresses. From these two corollaries verify Ex. 
58, where principal stresses are found ; and Ex. 57, where 
the normal components on a pair of rectangular planes are 
found. Verify Ex. 60, which could have been solved by 
these two corollaries arithmetically. 
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As cc' moves through all positions, M moves in a cii'cle 
round o, and R moves in a circle round M, OM and MK keep- 
ing equally inclined to the vertical on opposite sides of it. 




The diagram shows their positions for eight positions of the 
plane cc'. The locus of R is an ellipse, the major semi-axis 
being 

_P + 9 I P - g 
and the minor semi-axis is 

ORj = OMj - MjRj 

- P + 9 _ P_-J[ 



= q. 
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This is called the ellipse of stress for the point O within a 
solid in a state of strain. Its principal axes are the normals 
to the planes of principal stress, the principal semi-axes 
being equal to the intensities of the principal stressea The 
radius-vectors ORg, ORj, &c., are the stresses in direction 
and intensity upon the 
planes at o to which 
0M3, 0M3, &c., are respec- 
tively the normals. 

The ordinary tram- 
mel for constructing 
ellipses consists of a 
piece like prq, whose 
extremities p and Q 
slide in two grooves, 
xox and toy, at right 
angles to each other, 
while the point R traces 
an ellipse whose semi- 
axes are PR and QR. 

When Q arrives at 0, 
R is at A and OA = QR 
= p ; when P arrives at 
o, R is at B and OB = 
PR =: gr (page 66). 




Fig. 84. 



Taking as origin, the co-ordinates of R are 

X = cm; y — on. 
a; = tiR = QR . cos = 2? . cos 6\ 
and y = mR = PR sin = g sin B. 



X 



2 



+ 



y 



- zz: COS 6, and - = sin 0. 
P ? 

2 
== cos^0 + sin^O 



= 1, 
the ordinary equation to an ellipse in terms of the semi 
axes p and q, 

lip and q are both thrusts, it is convenient to consider a 
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thrust positive, and the proof is exactly the saraci all the 
sides of OMR representing the opposite kind of stress from 
what they did in last case. 

When p and q are unlike, the kind of stress of which the 
greater jp consists, is to be considered positive. 

Thus, lip -> q and p, a tension while g is a thrust. The 
preceding proof will hold if q be considered to include its 
negative sign ; but in this case if ( — g) be substituted for q, 
we have 

OM r= ^— T^, and MR = ^-tr , 
2 2 

Hence, the proposition is proved generally. 

It is important to notice that OM and MR are both always 
positive, that is like p the greater principal stress, and that 

OM > MR, if q is positive (like p), 
and OM < MR, if q is negative (unlike p). 

An advantage of this geometrical method, the ellipse of 
stress, is that we are now in a position to examine the value 
and sign of r, the stress upon a third plane cc', and of its 
normal and tangential components for special positions of 
that plane. OM is always normal to cc', while MR generally 
is resolvable into two components, one tangential to cc' and 
the other normal, which last has to be either added to, or 
subtracted from, OM to give the total normal component 
according as omr is an obtuse or an acute angle. 

a. Positions of cc for which r the stress upon it will have 
the greatest or least value. 

Since OM and MR are constant, OR increases as the angle 
OMR increases, is greatest when omr = 180" and OM and 
MR are in one straight line and a continuation one of the 
other when 

OR == OM + MR, 

p + q , p—q 
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and OR is least when Z omr is zero, and OM and MR again in 
one straight line, but MR lapping back on OM, when 

OR = OM — MR, 

p + q p — q 

Hence the planes of principal stress are themselves the 
planes of greatest and least stress. 

b. Position of cC for which the int&rmty of the shearing 
stress has the greatest value. 

As OM is always normal 
to ccf it does not give 
any tangential component, 
whereas MR assumes all po- 
sitions as cC changes, and 
Will give a component tan- 
gential to CC', which will be 
the greatest possible when 
MR is altogether tangential 
to cc'. Hence the position 
of cc', which makes MR 
parallel to CC', is that for 
which the shearing stress 
has the greatest possible 
intensity. 

Hence intensity of shearing stress = MR == ^y ' 

And since MR is parallel to cc' and OM normal to it, 

.• . OMR — 90*, 
and triangle mop being isosceles, we have 
6 — inclination of cc' 

= MOP 

And we know that the tangential stress is the same on 
the section perpendicular to cc . That is, the planes of 
greatest tangential stress are the two planes inclined at 45"" 
to the axes. 




Fig. S5. 
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We saw (page 44) that cast iron subjected to a simple 
thrust would give way by shearing along the plane inclined 
at 45"* to the thrust. We now infer that if it be in a com- 
pound state of strain it will most readily give way by shearing 
along a plane inclined at 45"^ to the planes of principal stress. 

c. Position of ccT for which the total stress r upon it will 
be enti/rely tomgential. 

When q is like p, it is impossible for the stress to be 
entirely tangential to cc', because cm > MR, and however 
acute OMR may be, the normal component of MB, which has 
to be subtracted from OM to give the total normal stress. 



pppp 
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Fig. 36. 



cannot be greater than MR itself, and consequently is always 
less than OM, and so there will always be a remainder; 
that is, for all positions of cc' there is a normal component 
stress, and the total stress can never be entirely tan- 
gential. 

But when q is unlike p^ then OM < MR, and for the par- 
ticular position of cc', when the angle OMR is of such an 
acuteness that the normal component of MR, which has to 
be subtracted from OM to give the total normal stress, is 
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exactly of the same length as OM ; then the total normal 
stress will be zero, and the total stress r entirely tangential. 

This occurs when R is in one straight line with cc. ROM 
is then a right angle, making MO the normal component of 
MR, equal and opposite to OM, which it destroys, leaving the 
total stress OR tangential to cc'; its magnitude is found thus : 

or2 = MR' - om2 (Euc. L 47). 
_.(P + ?V' (P - T^ 



or 



».» 



= (^') - f-^) 



2 

i.e., the stress on cc' is the geometrical mean of the principal 
stresses. Also 

29 =: RMN, 
.'. COS W = COS RMN 

= — COS RMO 

_ mo 

~~ MR 

'P + 9.' 

which determines 6, the position of cc' for which the total 
stress is tangential. 

Here we must guard against supposing that the above is 
the position of cc' for which the tangential stress has the 
greatest intensity, for case (6) holds for all conditions of p 
and } ; that is, the tangential stress on cc' when inclined at 
4!5**, although only a component of the total stress, will be 
of greater intensity than the total tangential stress in 
case (c). 

d. Position of cc' for which y, the obliquity of the stress 
thereon, is the greatest possible. 

When q is unlike p, case (c) is the solution, for in it 
y = RON = 90°, the greatest possible. 
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When q is like j9, OM > MR ; and the obKquity of OR, the 
stress on cc' is greatest when y = ROM is the greatest 
possible of all triangles constructed with OM and MR for two 
of their sides. This occurs when ORM is a right angle. 

For suppose the tri- 
angle OMR constructed 
with ORM not a right 
angle; then drop MR' 
at right angles to ok. 
It is evident that MR' 
is less than MR. Now 

• MR . . 

Sm ROM=:: IS fiTCat- 

MO ^ 

.- est when MR' is great- 
est ; that is, when MR' 
=: MR ; that is, when 
ORM is a right angle, 
and ROM is greatest when its sine is greatest. 

In this case the intensity of the stress is 

^2 _ 




or 



OR-' = om2 — mr2, 

_ (V + q\^ 



^ = (oii)- - f-^y 



2 / \ 2 

= M> 
r = *J 'pq, 

a geometrical mean between the principal stresses. 

Also 20 =: rmn, 

cos 20 = cos RMN 

^ MR 

= — COS ROM = — 

OM 



p + q 



which determines 6, the position of cc' for which the stress 
has the greatest obliquity possible. 

Note that these values of r and cos 20 are the same as 
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those of (c), and that whether p and q are like or unlike. 
But this is not the case with y, the obliquity, which is 90"* 

when p and a are unlike, and has for its sine when 

p + q 

p and q are alike. 

62. At a point within a solid in a state of strain the 
principal stresses are tensions of 255 lbs. and 171 lbs. per 
square inch. Find the stress 
on a plane inclined at 27° to 
the plane of greatest principal 
stress (converse of Ex. 58). 

Data, p = 255, q = 171, 
and e = 2T\ hence ^^ 
= 213 and ^-^ = 42. 

Consfyruction, ox and OY, 
the axes of principal stresses, 
draw ON the normal to cc', 
making XON=:0=27°. Lay- 
off along it CM = £-i^? 

= 213. From m as centre 
with radius MO, describe 
semicircle POQ and join pmq; 
lay off from M towards P, 




1C>0 



So o 

r 1 1 ! I y 1 1 I rr 



TOO 



300 



MR = ^ ^ ^ — 



42. This con- 



Fig:. 38. 



struction makes MR to be inclined to ox at an angle Q = 27°, 
but upon the opposite side of it from OM. 

Looking upon the principal stresses as a pair of like 
principal stresses, tensions of intensities 213, together with 
a pair of unlike principal stresses, a tension and a thrust of 
intensities 42. Then OM represents a tension 213 upon 
plane cc' due to first group, and MR the tension 42 upon 
cc' due to second group; hence OR, the third side of the 



76 



APPLIED MECHANICS. 



triangle, taken in the opposite direction, represents the total 
stress upon cc' in direction and intensity. 

0R2 = 0M2 + MR2 — 20M . MR cos OMR, 

but cos OMR = — COS RMN = — COS 29. 
.-. 0R2 = OM^ + Mr2 + 20M . MR COS 26. 

:. r2 = 45369 + 1764 + 17892 cos 54'' 
= 57649. 
r = 240 lbs. 



Also 


sin 
sin 


7 

26 




sm ROM 
sin OMR 


] 


r 


■ • 


sin 


7 




42 

240 ^ 

14158. 


sin 


5 


• 
• • 


^ 


f 


— 


8*8', 







and figure shows that r is upon the same side of the normal 
as OX. Also r is a tension, since or is like OM. 



63. In 62 find the intensity 
of the tangential stress on that 
plane through the point upon 
which the tangential stress is of 
greatest intensity. 

The plane is that which is 
inclined at 45° to the axes of 
principal stress. 

Since OMR is 90^ MR is the 
tangential component of OR, 

n = MR = ^-7^ 




Fig. 39 



= 42 lbs. per sq. in. 
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64. In 62 find the obliquity to the plane of greatest prin- 
cipal stress of that plane, through the point, upon which the 
stress is more oblique than upon 
any other ; also find the stress. 

OM and HR being constant, the 
angle mor has its greatest value 
when MRO is a right angle. 

Construction — Upon OM describe 
a semi-circle; firom M as centre, 
with radius MR, describe an arc 
cutting the semicircle in R; join 

OR. 

cos 26 = cos RMN 

= — COS OMR 



_ MR _ P " q _ 
~~ OM ~~ P + 9~ 

= - 19718. 




213 



.*. 26 = 101° 22' obtuse, cosine being negative. 
.-. 6 = 50" 41', obliquity of cc'. 



r^ = or2 = om2 — MR^ 



=^j'y-e^i-') 



= p.q; 

/. r = s/p • ? = s/43605 

= 208*8 lbs. per sq. in. of tension like OM. 
and sin y = sin RON 



= ^? = 19718. 

MO 



.-. y = 11° 22', obliquity of r. 



65. The principal stresses at a point being a tension of 
300 lbs. and a thrust of 160 lbs. per square inch. 

Find (a) The intensity, obliquity, and kind of stress on 
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a place through the point, inclined at 30° to the plane of 
greatest principal stress ; (b) Find the intensity of tangen- 
tial stress on the plane upon which that stress is greatest ; 
and (c) Find the inclination to the plane of greatest prin- 



cipal stress of that plane upon ■which tlie stress is entirely 
tangential and the intensity thereof 

Data, p = 300 ; q — -~ ICO, consideriog a 
tension positive ; 

.'. a = 70 tension like j5; 



iH-l- 



230 tension like j>. 



(a) Gmmt. — Draw ON at 30° to ox. Lay off OM — 70. 
From M as centre, with radius mo, describe semi-circle poq. 
Lay off MR — 230. Then or, the third side of the triangle- 
OMR, taken in the opposite order, is the stress on cc' in 
direction and intensity. 
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(b) 



OB? = OM^ + MR2 — 20M . MR COS OMR 
— OM^ + MR2 + 20M . MR COS 26. 

q^ - 4900 + 52900 + 16100 
= 73900, 

r — 272 lbs. per sq. in. 
sin y _ sin ROM _ MR 
sm 20 ~ sin^MO "" OR* 

.-. sin y = PI sin 60^ =: 7323. 

y zz: 47° 5', being acute, OR is like OM, a 
tension. 

Take f) = 45°, 

rt = MR = 230 lbs. 
(c) On MR describe a semicircle, and from M with radius 
MO describe arc cutting it at o. 

RMN = 2^. 
cos 2^ = cos RMN 

= — COS RMO 

_ OM _ _ 70 
~ ~ MR ~ "" 230 
- - -3044, 
2$ = 107^ 44', 

=: 53° 52', obliquity of 

plane, upon which 

the stress is entirely 

tangential. 

7'^ = OR^ 




= mr2-- om^ 

:= 52900 - 4900 or ( 



Fig. 42. 

300 + 160 \2 /.300~160 



■)-{ 



) 



2 v' V 2 
:= 48000 or 300 x 160, 

r == 219. orx/p-3- 

Note that, though r is entirely tangential, it is less than 
Tt was in (6). 
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66. At same point as 65, find intensity, kind, and obliquity 

of a stress on a plane 

Xi inclined at 85' to the 

plane of greatest princi- 
pal stress. 

Since > 53** 52', > 
the obliquity of plane 
upon which the stress 
was wholly tangential, 
OR will make with ON 
an angle greater than 
90°, and OR will be un- 
like OM, and therefore a 
Fiflr 43. thrust. 

Atis. r = 161*5 lbs. per sq. in., 
y = 165° 41'. 

67. The principal stresses on AA' and bb' are thrusts of 60 
lbs. per square inch. Find direction and intensity of the 
stress on a third plane cc' inclined at 65' to AA'. 

Atis. A thrust of 60 lbs. per square inch normal to CC'. 

68. The principal stresses on AA' and bb' are of the equal 
intensity of '34 lbs. per square inch, being a thrust on aa' 
and a tension on bb'. Find the direction and intensity of 
the stress on a third plane cc' inclined at 65° to AA'. 

Ans, A tension of 34 lbs. per square inch, its direction 
being inclined at 65' upon the other side of ox from that 
to which ON is inclined. \ 

69. The principal stresses on AA' and bb' at a point o are 
a thrust of 94 lbs. and a thrust of 26 lbs. Find kind, inten- 
sity, and obliquity of a stress on a third plane cc' inclined 
at 65' to AA'. Using results of 67 and 68, 

r = 46*2 lbs. per sq. in. thrust, 
y = 34' 19'. 
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70. Two unlike principal stresses are : on AA' a thrust of 
146 and on bb' a tension of 96 lbs. per square inch. Find 
the stress on cc' a third plane inclined to a A' at. 50"* 

p =: 146 and 2 1= - 96. 
Half sum s) is a thrust like j;. 

Half diff. ,^ is a tension like q, since 6 > 45^ 

(See p. 62.) 
An4i. r = 119*22 lbs. per sq. in. thrust, 
y = 88^ 5\ 

71. At a point within a solid the principal stresses are 
thrusts of 248 lbs. and 172 lbs. per square inch. Find the 
normal and tangential component stresses on a plane 
inclined at 15° to the plane of greatest principal stress, 

7> =: (p — gr) sin ^ cos ^ = 19 lbs. per sq. in., 

rn = p. cos- 6 + q sin^ S = 243 lbs. per sq. in. 

These two results may be obtained with less labour from 
the formulae 

Tt = ^~^ sin 2 (9, 

^ * 

,„ = £+_? +^ cos 2^. 

Given the intensities, obliquities, and kinds of the stresses 
upon anj'' two planes at a point within a solid, find the 
principal stresses and their planes. 

In the general problem we know of the triangle OMR 
(fig. 31, p. 65), the parts or and y for two separate positions 
of the plane cc', and we also know that OM and MR are the 
.sa7>ie for both. 

If the two given stresses be alike and v/nequal. Let r and 
r be their intensities, and y and y their obliquities upon 
their respective planes cc' and dd . Let r be greater than 
t\ Note that it is not necessary to have given the inclina- 
tion to each other of cc' and DD'. 

Choose any line ON and draw or = r, and making the 

F 
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angle nor 
nor' = y\ 



- y, also draw or' = r\ and making the angle 
Join rr', and from s the middle point of RR' 

draw, at right angles 
to it, SM meeting ON at 
M. Then will MR = MR'. 
Thus we have found 
CM and MR to suit both 
data, and comparing 
the construction of the 
direct problem (p. 65), 
we have 





CM 



v-^^ 



_P- ? 



Fig. 44. 



and MR — 

z 

and therefore 

^ = OM + MR 
and g' = CM — MR. 

Consider the triangle 
om'r' alone, and con- 
sider on' the normal to 
dd' : then r'm'n'= 2 ff, 
hence ox, drawn paral- 
lel to m't (the bisectoi- 
of r'm'n') is the axis 
of greatest principal 
stress. Thus we have found the principal stresses p and q, 
and the position of their axis ox and OY relative to dd' 
one of the given planes. 

Since r'mr = r'mn — rmn 

= 20'- 20, 

.-. RMS = 0' — 0, 

the inclination to each other of cc' and dd' ; hence if the 
other triangle OMR be moved round o through this angle, it 
and consequently CC/, to which ON is the normal, will also 
be in their proper positions with respect to the axes ox 
and OY, 
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This triangle might be further turned round O till ON is 
inclined at an angle XON = 6 on the other side of ox, when 
cc' would again be in a position for which the stress would 
be the same as given. This would increase the relative 
inclination of dd' and cc' by twice xoN or by 2 0. Adding 
this to 6"— 6 gives 6'+ 6. That is, the inclination of cc' 
and dd' to each other is 

(ff— 6) = RMS on diagram, 
or (6'+ 6) = NMS on diagram, 

according as they lie on the same or on opposite sides of ox, 
the axis of principal stress. 

If the two given stresses 
be unlike and unequal. 
Considering r the greater 
as positive, r' will be 
negative. Follow the same 
construction, only OR' = r' 
must be laid off from o 
in the opposite direction. 
Complete the figure as be- 
fore, and we have from 
either figure — 

Trigonometriccdly, 

MR2 =z OM^ + 0R2 — 2 OM . OR cos MOR, 

or mr'^ = OM^ + 7*2 — 2 OM . r COS y. 

Similarly, mr'^ = OM* + r^+ 2 OM . r' cos y from figures 

44 and 45 respectively. 

Subtracting, o =z r^— ?''*— 2 OM (r cos y + r' cos y ), 




Fig. 45. 



and 



P + ?_ 



/2 



-^ = O^— - 



2 {r cos ,y — r' cos y ) 
r' to include its sign ; 



.(A) 



also 



2 



(B) 



= MR = V(OM* + r^ — 2 OM . r COS y) 

or, = J{o^^ + r'2— 2 OM . r'cos y) 

a known quantity when the value of OM is substituted from 
equation (A). 
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p and q are now obtained by adding and subtracting 
equations (A) and (B. 

From R drop RL perpendicular to ON, then 



or 
or 



ML 
MR . cos NMR 



2 



OL — OM, 

OR . COS ROM — OM, 



COS 26 =: r COS y — 



2 



cos 261 



2 r COS y — jQ — g 
P- q 



.(C) 



This gives twice the obliquity of the axis of greatest 
principal stress to the given plane cc' and similarly for dd' 

-J ^ ^ 2 r' cos y' — p — g' 

* cos 2 u =: ^ ^ • 

p-q 

These three equations (A), (B) and (0), are the general 
solution of the inverse problem of the ellipse of stress. (A) 
and (B) give the intensities of the principal stresses, which 
will come out with signs showing whether they are like or 
unlike r, the greater of the given stresses. 

In some particular cases the construction gives a much 
simpler figure from which the equations (A), (B) and (C) in 
their modified form are readily calculated. 

Particular case (a). Given the intensities and common 

obliquity of a pair of conju- 
gate stresses at a point ; find 
the principal stresses, and 
position of the axes of prin- 
cipal stress. (Note, There 
are more than sufficient data.) 
In this case y = y and R, 
S, and R^ are in one straight 
line with O. 

Draw any line ON, draw OR, making NOR =z y = y , and 
lay ofi* OR = r and or' = r' in the same or opposite directions 

* Cos 2 6 being equal to cos rmo, may be calculated in terms of the sides 
of the triangle bmo when these have been already calculated. 




Fig. 46. 
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according as it is like or unKke r ; and from s, the middle 
point of rr', draw SM at right angles to it, meeting ON at M. 
Join^^M to R and R^ 

mi OS 

Then — = cos Mos, 

OM 

OS i^OR + ORO 

or OM = — — ' ~i 

cos MOS cos MOS 

or ., ^ = t: ; (A) 

2 2 cosy' ^ ^ 

Again, mr^ =i ms^ + rs^ 

= (0M2 - 0S2) + RS2 
= 0M2 - (0S2 - RS2) 

= "-^ - { (^0"- (^'T } 

=. om^ — rr'y 
(or substituting value of Om) 

\2 cos y/ 

, ^^ 2 r COS y — 50 ~ (7 .^v 

and cos W = * (C) 

as in general case, 

NON' =1 6" + = NMS = MSO + MOS = ~ + y. 

Hence, the angle between the two normals to the sections 
cc' and dd' (or the obtuse angle between cc' and dd') ex- 
ceeds the obliquity by a right angle. This we know ought 
to be the case from the definition of conjugate stresses. 

Practically, cos 26= - cos rmo may be more easily calcu- 
lated in terms of the sides of the triangle OMR when these 
have been already found. 



P - 
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From H as centre with radius MB describe the semicircle 
hbTrn; then 

OH =r OM - MR 1= g, 
ON = OM + MR = p. 

But ON X OH = OR X or' (Euc. iiL 36), 
or pq = rr' (B^) 

may be used instead of (B). 

Particular case (&). Given the intensities and obliquities 

of the stresses on a pair 
of rectaTigvZar 'planes, 
find the principal stresses 
and the position of the 
axes of principal stress. 
(Note, There are more 
than sufficient data.) 

If r and r be like 
stresses, 

Draw any line ON. 
Draw OR = R, making 
NOR = y, also or' = r 
making nor' = y. 

Complete the figure as before. 

The given planes being at right angles are necessarily 
inclined upon opposite sides of the axis of principal stress ; 
hence 

NMS == inclination of given planes 

= 90** 

and rsr' is parallel to on. 

MS = RL = r sin y, 
also, = r'k = r sin y , 

or r sin y = r sin y\ 

That is, the tangential components of r and v' are equal. 

OM = J (OL + OK), 




Fig. 47. 



^-^^ = J (r cos y + r cos y ). 



(A) 
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That isj the sum of the principal stresses is equal to the sum 
of the normal components of r and /. (Compare page 67.) 

/OL — 0K\2 , _ 

= (—2--) +^^ 

(rcosy — r cosy )^ . o • o 

= — T + 7'%m2y. 



q //(rcosy- r' cosy )2 , ^ • 2 ) /t5\ 

- = yjX- ^—l ^ +r2sin2y| (B) 



ML J(OL — OK) 

_ r sin y 

J(r cos y — T cos y) 

= 2rsiay ^ • 

7* cos y — V COS y 

Putting r^ == MS = r sin y = r'sin y := the common value 
of the tangential components of r and r ; also 

rn = OL = r cos y = norm. comp. of ?•, 

T^^=. 0K=: r'cos y'= norm. comp. of?'', 

the equations become 

P + g r^ + Tn ... 

-2- =^Y- (^> 



and tan 20 = —^^ (0.) 



^n ^n 



(Compare (CJ with page 51.) 

When r and r' are unlike stresses, consider r, the greater, 
as positive, then must or' be laid off in the opposite direction 
from o. 
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Now r'k = rl = r\ the common tangential component of 
r, and r; hence rr' and KL bisect each other at s or M, which 
coincide. 

t 
/ 

^- 

V 

Pig. 48. 
.*. OM = ^(OL — ok), 

V + q r cos y — r'cos y , . . 

mr2 = ml2 + rl2 

p - q Ij (r cos y + r cos y )' 3 . « ) .-d x 

«^ ^V^ = V I ^^ — + r'sm^yj (BJ 

I on JiL RL 

tan 26 = — = , — 

ML ^LK 

__ RL 

"" J(OL + OK) ' 

2r sin y 

or = p -/ (C,) 

r cos y + r cos y ^ -^ 

These three equations (AJ, (B,), and (Cj) are identical 
with (A), (B) and (C) with ( — r) substituted for r\ 
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Examples. 

72. If from external conditions it be known that the 
stresses on two planes at a point \fi a solid are thrusts of 
54 and 30 lbs. per square inch, and inclined at 10° and 26° 
respectively to the normals to these planes, — ^find the prin- 
cipal stresses at that point; the position of the axis of 
greater principal stress relative to the first plane ; and the 
inclination of the two planes to each other. 

Make nor z= y =: 10°, 

and nor' = y = 26°. 

Lay off OR = r = 54, 

and OR'=r = 30. 

Join rr', bisect it in s, draw 
SM at right angles to rr', meet- 
ing ON at M, complete figure. 

Then ^ * =z cm and ^^ -"" ? — mr = mr', 

or jp = (cm + MR) and g^ = (cm - mr), also W = nmr. 

Tmgonometrically . 

MR2=0M'- + 0R2-.20M . OR cos MOR, 

or mr2z=om2-|- r2 — 2om . r cos y. 
Similarly, wsf^=ou'^+ r'2 — 2oM . / cos y . 
/. Subtracting, o = r^ — r"^ — 2oM(rcos y— r' cos y^. 

A»2 __ nV 2 




Fig. 49. 



CM =: 



2(r COS y — r'cos y)* 



or 



p + q 2016 



= 38-45 



(A) 



mr2 



Pz3- 

2 " 



52-43 

=: (38-45)2 -f- (54)2- 2 x 38-45 x 54 cos 10^ 
= 1478-4-h2916-4088-8=305-6. 

.v/305^= 17-48 (B) 
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The principal stresses are— 
p— a +-Q— =55-93 lbs. per sq. in. thrust, like r. 

q=^-^' —^-^=:20'97 lbs. per sq. in., thrust being +. 
Drop RL perpendicular to ON. 

ML = OL — OM, 
or MR COS LMR = OR COS LOR — OM. 

.-. ^^?cos20=rcosy-^J*.. (C> 

^^ 53-179-38-45 ^.^^ 
cos 20= j^:jg = -8426. 

20 =32" 35'. 

0=16° l7i'=:X0N, 

the inclination of ox, the axis of greatest principal stress, to 
ON, the normal to the plane for which r was given. 

Similarly, cos W=. - -6573, 

2(9'=:131° 6' (obtuse for-), 
$"= 65^ 33', inclination xon'. 

And inclination of the two planes to each other — 

non'=rmsz=:((9'-6>) = 49° 15 J', 
or =NUS=(e'+e) = SV 50 J', 

according as they are on the same or opposite sides of ox. 

73. Kjiowing that at a point within a solid there is, on 
some one plane, a thrust of 84 lbs. per square inch of ob- 
liquity 5^ and on another a tension of 24 lbs. per square inch 
of obliquity 20**, find the principal stresses and the angle 
made by the axis of greatest principal stress with the= 
normal to first plane. 
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Consider a thrust positive (see 2nd fig. inverse problem). 
r=:84 and y=5°; r'= -24 and y =20°. 

■—^=011 is a thrust, like r 

=S7 ^ ^ ^,T = 30-5 (A) 

2(r cos y— r cos y ; 

^^--r-^ = MR is a thrust like r. 
z 

MR2=OM2+r2— 2oM .r cos y 
=: 930-25 + 7056 - 5104-48. 

^^=MR = V288177=53-7 (B) 

.*. by adding and subtracting (A) and (B), 

j9 = 84-2andg=--23-2, 

or the principal stresses are a thrust of 84*2 and a tension 
of 23*2 lbs. per square inch respectively. 

cos ag^ ^^^'^^y-p-g 

p-q 

_ 167-36-61 _ 

- 107-4 - ^^^^- 

.-. 20=7'' 59' and 0=:3^ 59^', inclination to axis ox. 

74. The stresses on two planes at a point within a solid 
are 240 at an obliquity of 8°, and 254*5 at I*' o\ Find the 
principal stresses and the obliquities of these planes to the 
axes of .principal stress. (Note, these are the planes bb', 
Ex. 57, and gg', Ex. 59 ; also principal stresses are calculated 
Ex. 58.) 

£±5=OM=:213-5 ) .•.p=i254-76, 

^^=MR= 41-26) .-. 5=172-24, 
cos 20=1*9926 or 20=7' 1'. /. 0=3" 30J. 
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Or geometrically — describe semicircle hr'rn. 

ON = OM + MR=:p and OH=:OM— MR=g. 
ON . OH=:OR . OR' (EuC. III. 36) 

or p,q=7T' (B') 

=1200. 

Now p+q=7l'l (A) 

p^+2pq+q^=505o% 
but (B), 4pq =4800. 
p^-2pq+q^ =255-2, 
p — q =16, 

adding to and subtracting from (A), 

.-. 2j9=711 + 16 and 2g=7ri-16. 
p=4!S'55 and 3=27*55. 

75. At a point within a solid, on one plane, there is a 
tension of 272 lbs. per square inch, of obliquity 47° o, and on 
another a thrust of 161 '5 lbs. per square inch, of obliquity 
15° 25'. Find the principal stresses and the angles which 
the normals to these planes make with the axis of greatest 
principal stress. 

P_ + ? - OM = 70-2 ) .\p = 300-2 tension, 
^-7-* = MR = 230 ) r.q = - 159-8 thrust, 

cos 26 = -5, or 20 = 60° .*. = 30°, 

cos 26' = - -982 or 26' = 169° 8'. .\ 6' = 84° 34' 

= 85° nearly. 

/. Inc. between planes, {6' ^ 6) z=i 55°. Compare Examples 
65 and 66. 
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76. At a point within a solid a pair of conjugate stresses 
are thrusts of 40 and 30 lbs. per square inch, and their 
common obliquity is lO*'. Find the principal stresses and 
the angle which normal to plane of greater conjugate stress 
makes with the axis of greatest principal stress. 

Draw OR, making nor = y = 
y = 10^ lay off OR =: r = 40 
and or' = r = 30. Bisect rr' 
in s, draw SM perpendicular to 
rr'; complete figure. Then 

^ + ^ = OM, and P-^^ - 

and 20 =: rmn. 
OS ' 



zn MR. 



OM 



= cos y. 




OS Ur + r') 

OM =: = ^^ — ~ ^; 



Pig. 60. 



or 



cos y 

p + q__ 35 



cos y 

= 35-55.. 



2 -9848 

mr2= ms^ + RS^ 

- (0M2 - OS') + RS' 
= 0M2 - (0S2 - RS') 

r + r' ' 



=««--{r-t^)"-(T^y} 



= OM^ — TT. 



^-^^ = V(1263-8 - 1200) = 8. 



Adding and subtracting (A) and (B), 

p = 435 a thrust, and q = 27'5 a thrust, 

^^ 78-8 - 71 ,^ 
cos 20 = zTTi == '49 



(A) 



,(B) 



16 



(C) 



26 = 60° 40' and = 30° 20'. 
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77. At a point within a solid, a pair of conjugate stresses 
are 182 (tension) and 116 (thrust), common obliquity 30°. 

Find the principal stresses and 
the position of axes. 

r is negative 



P^ = OM = 38-14, 

2 




Fig. 51. 



=r MR = 150-3, 



.\p = 188-4 (thrust) and g = - 112-2 (tension), 
cos 20 = -7947 /. = 18° 41'. 

78. The stresses on two planes at right angles to each 
other being thrusts of 240 and 193 lbs. per square inch of 
obliquities respectively 8° and 10°. Find the principal stresses 
also and their axes. 

Tn = r COS y and r „ = t cos y'; also Tt = r sin y =: r sin y 
= 237-6 = 190 = 33-4 



H' s 




K M L 



Fig. 62, 

2 2 



p-q 



= 213-8, 

= V(566 + 1115) 
= 41, 
.-. p = 254-8 and q = 172-8, 

tan 2e = \, = 1-4034, 

.-. 20 =54° 32' .-.0 = 27° 16'. 
(See Ex. 74 and 57.) 
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79. In last, had the 193 been a tension. Find the prin- 
cipal stresses. 

r = 240, and r' =: - 193, 
rn=i 237-6, /^ = -190, 

also (r^)^ is always positive, 

£±-' = OM = li-t'-'! = 23-8, 

= ^{(213-8)2 + (33-4)2} ^ 216-3, 

]} — 2401, a thrust; 

and q :=i— 192'5, a tension. 

X «/! 2n 66-8 -_^ 

tan 26 — ^-,- = -rrr^TT; = '1062, 

rn — ^n 427'6 

2(9 = 8^53' .-. 6> = 4°26^. 



Application of Ellipse of Stress to Stability 

OF Earthwork. 

Loose earth, built up into a mass on a horizontal plane, 
will only remain in equilibrium with its faces at slopes, 
whose inclinations to the horizontal plane are less than an 
angle 0. If the earth be heaped up till the slope is greater, 
it will run till the slope is at greatest 0. Moist and com- 
pressed masses of earth can be massed up into a heap with 
slopes greater than 0, and will remain in equilibrium for 
some time, but will ultimately crumble down tiU the slopes 
do not exceed 0, The surface soil, which is in a compressed 
state, may be cut away, leaving banks with slopes much 
greater than 0. These banks will only remain in equilibrium 
for a time. Slips will occur till ultimately the slopes are 
not greater than 0. 

This angle 0, which is the greatest inclination (of the 
slopes to the horizontal plane) at which a mass of earth will 
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remain in equilibrium, ia called the angle of repose. It has 
different values for different kinds of earth, and also different 
values for the same earth kept at different degrees of moist- 
nesB. Average values of <p for different kinds of earth have 
been ascertained by experiment and observation, and are 
tabulated. 

If two particles of earth are pressed together by a pair of 
equal thrusts p and p' normal to their surface of contact, it 
requires a pair of equal thrusts q and q' tangential to that sur- 
face to make them slide upon each 
P other. For the same material, 

when q is just sufficient to make 
them slide, it is a constant frac- 
tion of p. The fraction which q 
requires to be of p juat to cause 
slipping is called the co-efficient of 
friction for that material. Hence 
the co-efficient of friction 

Fig.M. ^~p' 

The figure is section of two troughs enclosing earth, and 
pressed together with a tlirust of intensity p normal to MN, 
tlie plane where the troughs 
are just not in contact, and p 
is the amount of this thrust. 
A thrust of intensity q tan- 
gential to the plane mn tends 
to cause the earth to slide in 
two parts along MN, also Q is 

It -iT the amount of this thrust. If 

Q be just sufficient to cause 
slipping along mn, then the 
co-efficient of friction of the 
earth is 



If on AB and cd there be 
a thnist of intensity p inclined at an angle tjt to the 
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normal, we know that for equilibrium of the prism ABCD 
there must be a stress q upon the faces AC and bd, whose 
tangential component equals that of p, but as far as stabil- 
ity along the plane mn is concerned we may neglect g, 
whose normal components destroy each other through the 
material of the trough, and the tangential ones are at right 
angles to mn. Considering the components of P, the amount 
of p, we have P cos <j> normal 
to MN. If slipping is just 
about to tsiike place, then 

7? sin 
u = — 

^ p cos <p 

= tan <p. 

It is apparent that </> is 

the same angle we were 

before considering, for, if 

p be due to the weight of 

the material, the figure 

ought to be turned till the 

direction of P is vertir 

cal, when MN the plane of slipping will be inclined at to 

the horizontal. The relation between the co-efficient of 

friction and the angle of repose is 

fji zz: tan 0. 

Note. — If it were not upon the supposition that the two 
troughs (being very rigid compared to the earth) trans- 
mitted the equal and opposite forces tangential to mn with- 
out causing lateral compression of the earth, we could not 
neglect q. From this result we learn that the tendency to 
slip along the plane mn, due to p, depends entirely upon the 
obliquity of p, and not at all upon its intensity. Thus, if 
jf> be inclined at an angle less than 0, slipping will not occur 
though p be ever so great : but, if p be inclined at an angle 
greater than </>, slipping will take place, though p be ever so 
small. 




Fig. 56. 



Consider now the equilibrium of a small prism at a point 
within a mass of earth in a compound state of strain. The 

G 



98 APPLIED MECHANICS. 

earth will have a tendency to slip along any plane through 
the point (as there is no artificial envelope), except along 
the planes of principal stress at the point; and the tendency 
to slip will be greater along the plane upon which the 
resultant stress is more oblique, and greatest along the pair 
of planes upon which the resvMant stress is most oblique, 
it being of no consequence how intense the stresses upon 
these various planes may be, but only how oblique. K the 
stresses upon the pair of planes, for which the resultant 
stress is more oblique than that upon any other plane 
through the point, be themselves less oblique than <p, no 
slipping will occur upon any plane through that point ; but 
if more oblique than </>, slipping will take place along one 
or both of those planes. 

The condition of equilibrium of a mass of earth in a 
compound state of strain is that at every point the obliquity 
of the stress on the plane upon which, of all others through 
the point, the resultant stress is most oblique, shall itself 
not be greater than </>, 

Since earth can only sustain thrusts, the principal stresses 

at a point will be both thrusts which excludes case (c), and 

if y be the obliquity of the resultant stress upon the plane 

through the point upon which the stress is most oblique, 

then by case (d) (page 73), 

p — q 
sin Y = ^ . ^ • 

P + 2 

P _ L+ 5AV 
g' ~~ i — sin y 

By increasing y the numerator of the term on right-hand 
side of equation increases, while the denominator decreases, 

and so the ratio - increases. But is the greatest value of 

y for which equilibrium is just possible. 

p _1 + sin <f> 
5 "~ 1 — sin <f> 

is the greatest ratio of p to g consistent with equilibrium ; 
hence — 
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jTAe condition of equilibrium of a Tnass of earth is most 
conveniently stated thus : that at every point the ratio of 
the greater to the lesser principal stress shall not exceed that 
of (1 + sin <f>) to (1 — sin </)). 

Or geometrically. 

LetOM = ^«. 

Make mor = </>. 

Drop MR perpendicular to OR. 

Describe the semicircle hrn. A^ i - ^ 

Because mor = obliquity of thrust on ^^'-'l'-''^^'? 

plane which sustains v- '' 
most oblique strain, Fig. 56. 

and ORM = 90^ 

MR r= - ^ ^ ^ . See case (d) (page 73). 

.-. ON = (OM + MR) = p, 

and OH = (OM — mr) = q. 

p _ ON _ OM + MR 
q~ OEL~ OM — MR 

__ OM + OM sin 
"~ OM — OM sin (p 
_ 1 +^sin 
~ 1 — sin (p 

For earth whose upper surface is horizontal, the vertical 
stress due to the weight and the horizontal stress are for all 
points the principal stresses, and their intensities are the 
same for all points on the same horizontal plane. Generally 
the vertical is the greater principal stress in any ratio not 
exceeding the above, whenever it exceeds the horizontal 
thrust by a greater ratio the earth spreads. But the 
horizontal thrust may be artificially increased till it exceeds 
the vertical in any ratio not exceeding the above. When- 
ever it exceeds the vertical by a greater ratio, the earth 
heaves up. 

The third axis of principal stress, which we are all along 
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neglecting, is also horizontaL Wben the earth is in hori- 
;<0Dtai layers \vith a horizontal surface, all vertical planes 
are symmetrical, and the three planes of principal stress are 
any two vertical planes at right angles to each other and 
the horizontal plane. The stress on the two vertical planes 
being equal, the elUjyeoid of stress becomes a spheroid. 
When, however, the horizontal thrust on one vertiail plane 
is 'artificially increased, that plane becomes one of the planes 
of principal stress, and the stress may be different on 
all'three. 

Eai'Ui in horizontal layers loaded wUh its ovm weight to 
Jind the pressure against a retaining -wall with vertical face. 
Let 

w = weight in lbs. of a 
cub. ft. of earth, 
<p = itsangleof repose, 
D = depth of cutting. 
Consider a layer 1 foot 
thick nonnal to paper, 
and choose a small rec- 
tangular priam at depth 
X feet. Fijf- w. 

Let p = intensity of vertical pressure at depth x, 
in lbs. per square foot. 
= weight of a volume of earth one square foot, 

in section and z ft, high, 
= wrlbs. 
l( q = least horizontal stress which will give equilibrium, 
we have 

q i — sin 0' 
_ 1 — sin ip 
* ~ 1 + s"in"0 " ^ 

1 — sin ^ ,, „ 

= Y _^ — : — ^ w . X lbs. per sq. it, 

= intensity of pressure on wall at the depth x. 
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On the right side of equation all is constant but a?, hence 

# * W * M 

q is proportional to a?, is zero at th^^p,: •-/ 
and uniformly increases to *. , . 






•tr » 



q = — —L. — T. ^,. D at the bottomL 
^ 1 + sm 

and therefore 

1 — sin ^(; D » x -i /• 

, — ; — ; — T • ~Er = averafjc intensity of pressure 

l + sin^ 2 upo°nwalL ^ 

And the area exposed to this pressure is D square feet. 
Hence the total pressure on wall is 

Q = average intensity of pressure X areia 
1 — sin (h wjy^ „ 
1 + sm 2 

This tends to make the wall slide as a whole along MB ; for 
equilibrium the weight of the wall, multiplied by the coeflS- 
cient of friction at the bed joint there, must be greater 
than Q. 

If BM be laid off to represent the horizontal pressure at 
B, and M be joined to A, then ma gives the horizontal thrusts 
at all points as shown by arrows ; Q, the resultant of all 
these, is horizontal and passes through the centre of gravity 
of the triangle abm, it therefore acts at a point c called 
the centre of pressure, and 

bc = J BA = ^ . 

Q tends to overturn the wall with a moment, 
M = Q X leverage about B, 

D 
= Q. 3. 

1 — sin wiy^ /• . ii 
= ^ — ; — -' — . ' —TT- foot-lbs. 
1 + sm (f> 6 

Let K be the centre of the vertical pressure due to the 
weight of the wall and horizontal pressure of earth at the 
bed joint at M ; also let the vertical line drawn through G, 
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... the centre of gravity of the wall, cut the joint at s, then for 
': ^ /equilibrijiip; t£e moment, 
. . .. . .^^ 'the yreight of wall x leverage KS, 

: -•'*: .Viitist tef greater than the overturning moment, M. 

It is generally sufficient to ascertain if this lowest bed 
joint be stable : but for some forms of wall it is necessary to 
go through all calculations for each bed joint considered in 
turn as bottom of wall. 

In a wall of uniform thickness throughout its height the 
weight increases as D, whereas the force Q increases as D^, 
and the lowest bed joint is most severely taxed. Similarly, 
for overturning, KS being constant, the product, !KS x weight 
of wall, increases as D while M increases as D^. K would be 
the extreme outside of the wall if the material were per- 
fectly strong. For stone retaining walls SK is f ths of the 
half thickness. 

Exwrnplea. 

80. The weight of a certain earth is 120 lbs. per cubic 
foot, its angle of repose 25°. It is spread in horizontal layers. 
Find the average intensity of the pressure against a retain- 
ing wall witk vertical face and 4 feet in depth. Also, find 
total pressure against a slice of wall 1 foot in the direction 
of the length of the wall and the overturning moment of the 
earth about the lowest point. 

p = 4 tt; = 480 lbs per square foot, 

q = :r-—~ -. — ^. p = 1948 per square foot, 

Average pressure =z ^ q = 97*4 per square foot, 
Total pressure Q = 97'4 lbs. per square foot x 4 square feet, 

. =: 389-6 lbs. 
Overturning moment, M = Q lbs. x ^ ft. = 519*5 ft.-lbs. 

81. Gravel is heaped against a vertical wall to a height of 
3 feet ; weight of gravel 94 lbs. per cubic foot ; angle of 
repose, 38*. Find horizontal thrust per lineal foot of wall, 
also overturning moment. 

Q = 100-5 lbs. ; M = 100-5 ft.-lbs. 
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82. A ditch 6 feet deep is cut with vertical faces in clay. 
These are shored up with boards, a strut being put across 
from board to board 2 feet from bottom at intervals of 5 feet 
apart. The co-efficient of friction of the moist clay is '287, 
and it weighs 120 lbs. per cubic foot. Find the thrust on a 
strut, also find the greatest thrust which might be put upon 
the struts before the. adjoining earth would heave up. 

Since tan = '287, .*. sin = -276, 

Q = 1225*5 lbs. per lineal foot. 

Thrust per strut = 6127'5 lbs., just to prevent earth from 
falling in. 

Greatest thrust which might be artificially put upon each 
strut before earth would heave up =: 19,029 lbs. 

Depth to vjhich the fourvdation of a wall 'must, at least, 
be sunk va earth laid in horizontal layers consistent with 
equilibrium of earth. 

Consider one lineal foot 
of wall, normal to paper. 

V = vol. of wall in cub. ft., 

W= wt. of wall per „ 

h = height of wall infeet, 

6 = breadth of wall „ 

d = required depth of 
found, 

IV = wt. per cubic fee of 
earth, 

^ =: its angle of repose. 

When the wall has just stopped subsiding, the earth on 
each side is on the point of heaving up, so at the horizontal 
layer at the depth of d, for points in contact with the 
bottom of found — p exceeds q in the greatest possible limit, 
that earth being on the point of spreading, 

^^£^ljhsin_0 
q 1 - sin 0' 




Fig. 68. 
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while, for points just clear of it, 'p' exceeds (( in that limit. 

79' _ 1 + sin 
q 1 — sm 

by multiplication ^ = (t^^^)'- 

Now jp' = g, being horizontal thrust on same horizontal layer, 
cancel these and substitute the values 

weiffht of wall WV 
^ area exposed to p 6 ' 

q' z= weight of column of earth = wd, 

WV 



hence we have 



bwd 



( 1 + sin 0y 
\1 - sin <j>) ' 



. ^ _TfF/ l- sin Y feet 
wo \\ + sm 0/ 



83. A wan 10 ft. high and 2 ft. thick, and weighing 
144 lbs. per cub. ft., is founded in earth 112 lbs. per cub. ft., 
and whose angle of repose is 32°. Find least depth of 
found. 

p = int. of vert, pressure below bottom of found 

= 144 X 10 = 1440 lbs. per sq. ft., 
3'= Int. of vert, pressure at same depth clear of found 

= 112 . d, 

jp \1 + sm <t>J 

/. 4^ =094. .-. d= 1-21 ft. 
1440 

Note. — ^The height of wall above ground is 10 — d = 8*79 ft. 

84. An iron column is to bear a weight of 20 tons ; the 
found is a stone 3 ft. square on bed, sunk in earth weighing 
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120 lbs. per cub. ft., angle of repose 27^ Find least depth 
to which it must be sunk for equilibrium. 

44800 lbs. .^^oiu r^ 

p = - Q w = 4978 lbs. per sq. ft. 

^=120d, 

but ^ = (l^'^)\ .',d = ^. 141 = 6 ft. 



g- /I -^ sin 0y . _4^ 
p \1 + sin ^/ • • • ^ - 120 



85. A brick wall, allowing for openings, weighs 42,000 
lbs. per rood of 36 sq. feet (on an average one brick and a 
half), and stands 45 feet above ground ; the foundation is to 
widen to four bricks at bottom. Find depth of found in 
clay weighing 130 lbs, per cub. ft. (angle of repose 27"). 
1st, Neglect weight of unknown found. 

Wr = wt. of 1 lineal foot of wall = 4667 lbs. 

Wr wt.oflin.ffc. 4667 lbs. -...^i, c,. 

p = — r— = 2n: — =-^ 7,;-= 1^56 lbs. per sq.ft. 

^ area of base 3 sq. it. ^ ^ 

q" = 130 . d. 



. ^ q" /I - sin 27°\2 

but -^ = i^i—. ; ^7=o) > 

p \l + Sin 27 / 



or - , ', = "141. .*. d = 1*7 ft. least depth. 
155o 

Say 2 ft. deep by an average of 3 bricks thick, i.e., 4^ 
cub. ft. per lineal ft., at 125 lbs., gives extra weight of 563 
lbs. Adding this, 

.-. wv = 5230 lbs. .-. p = 1743, 
and (Z = ^~- X 141 = 2 ft. 
For safety this would require to be increased. 
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Earth spread in layers at a uniform slope, and loaded 
vjith its own weight, to find the pressure against a retaining 
wall with vertical face. 

The simplest (commonest in practice) case is when the 
vertical face of wall is at right angles to the section showing 
greatest declivity of free surface. Let the paper be that 
section; then AB is the trace of the upper surface, and y is 
its greatest inclination to the horizon. 



yfj)eoS' 




Fig. 59. 



This inclination must be less than the angle of repose, or 
the earth would run over the wall. In an extreme case 
they may be equal. 

Generally, y -< 0. 

Taking a slice one foot normal to paper. 

Suppose the earth to be spread behind the wall in layers 
sloping at the angle y, consider a small parallelepiped in the 
layer of depth D having vertical faxjes. At this depth, D, 
the intensity in lbs. per sq. ft. of the vertical pressure due 
to the weight of earth above, on a horizontal surface, would 
be the weight of a cub. ft. of earth multiplied by the depth 
D in feet. Hence 

w . D lbs. per sq. ft. 

= intensity of vertical pressure on parallelopiped had its 
surface been horizontal. 

But the sloping surface mn is greater than the correspond- 
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ing horizontal surface, that supports the same earth ; so the 
vertical stress thereon wiU be less than wT>, page 40, 
and will be 

r = WD cos 7 lbs. per sq. ft. 

This is the intensity of the pressure upon the faces mn and 
KL, and its direction is vertical and therefore parallel to any 
pair of vertical faces of the parallelopiped ; hence the pres- 
sure on any pair of vertical faces is in its turn parallel to 
the face mn ; that is, 

Every vertical plane is conjugate to ifie free s^irface. 

Now, as we have selected the faces of mnlk, the pressure 
on the faces parallel to the paper when drawn parallel to 
the free surface will be horizontal, so that the stress normal 
to the paper is a principal stress, and the plane of the paper 
is the plane of the other two principal stresses. We can 
apply therefore our preceding results. 

Let / be the stress on the vertical faces mk and nl : it 
must be parallel to the free surface, and so its direction is 
that of the sloping layer, so that every point in that layer is 
in the same stisite of strain, and r' is transmitted along the 
layer to act on the wall. 

To find out the ratio of the pair of conjugate stresses 
r and r' whose common obliquity is 7. 

From particular case (a) of the inverse problem (p. 85), 
we have — 

(r + ry / 1 _ J^ — ? /ox 

'4To^y"''''j ^ ~Y~ ^^^ 

and r + r' p+_q 

2 cosy 2 ^^ 

squaring both, 

we have \ — —^-^ — 7V = ^^ ^^ 

4 cos^ y 4 

and i?L± J:0! ^ iP+Jf 

4 COS^ y 4 

dividing, 

, ^ isrr 003^7 /p — gY 

we have 1 . — ' -=. \^ - -^ I . 

(r + rf \p + g) 



VI 
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But whea earth is just in equilibrium, 
p _ 1 + sin ^ 





? 


1 — sin ^ ' 


or 


p + q 


sin^. 


. . 1 - 


4 rr cos-y 


sin*^. 


• 
• • 


4trr cos^y 
(r + r )2 


— 1 - sin20 
cos^^. 


• 


4?^ 


cos^^ 


• • 


(r + r )2 


COS^y ' 


or 


(r + rY 


. , cos^y 
4 rr — ' 
eos-0 


Now 


^rr' 


4r?'. 



I. 



(cos^v \ 
2^ ■" ^) 

. , COSS — COS»0 TT 

=i4rr — Y-, — ^^' 

COBTff} 

Dividing II. by I. 

cos^y — cos^0 cos«0 



\7^+r) ~~ 



cos^<f> cos*y 

_ eos^y — cos*0 
cos^ 

r - r _ ± J{coa^y — cos*^) 

-- ■ ' , ■■■■ ■_.. - --. — — — ^^__^_^_^ • 

-y. ^ / cosy 

On both sides add numerator to denominator for a new 
numerator, and subtract numerator from denominator for a 
new denominator. 

r __ C08y± ^(cos*y— cosY) 

r ~~ cosy+ ^(cos*y— cos*0) 
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That is, r may be greater than / in the ratio taken with 
the upper signs, when the earth is on the point of spreading, 
and the waU is subjected to the least possible value of /, 
and again r may be less than r in the ratio taken with the 
lower signs when the wall is artificially pressed against the 
earth tiu the earth is on the point of heaving up and the 
wall subjected to the greatest possible value of r. 

For equilibrium of retaining wall take upper signs, and 
reverse the proposition. 



r 
r 



cos y — V(cos2y — cos2^) 
COS y + j(co8^y — COS80) 



Cor. — In extreme case y =^ <f>, and 
I.e., the conjugate thrusts are equal. 



r 



-- zzi 1 or 7^= r. 



Substituting the value of r, we have the least intensity of 
the conjugate thrust at the depth D, 



IV D cos y 



cos y — Jicosl^y — cos^^) 



cos y + ^(cos^y — cos^0) 

and its direction is parallel to the upper free surface. 

On right hand side of equation 
everything is constant but D, so that 
r varies as the depth. 

Let D be depth of vertical face of 
wall. Lay off ct to represent r . 
Join AT, and the arrows will repre- 
sent the thrust on the wall. The 

r' 
average intensity is ^, and the total 

thrust is 

r' — av. inten. x area exposed 




Fig. 60. 



.' 



= ^ lbs. per sq. ft. x D sq. ft. 

^ ^^P" cos V ^Q^y- x/(cosV-cosV) j^ 
2 '^ cosy+ J{cos^y—cos^<f>) 
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and it passes through the centre of gravity of the triangle 
ATC or through the point E where EC ziz ^ and parallel to BA. 
Resolving r' into horizontal and yei-tical components, 

H =r r'cos y, 
V = R'sin 7, 

H tends to make the wall slide as a whole along the bed 
joint at C, and for equilibrium of the w^ll, weight of wall x 
coefficient of friction at bed joint must be greater than H. 

H tends to overturn the wall with a moment 



==© 



M = 

WB^ 2 cos y— J(cos% — cos20) «^ „ 

= — r- cos'y -7-^ — 2 2^-\ ft.-lbs. 

6 cos y+ J{cos^y — cos^0) 

For equilibrium of wall, its weight multiplied by KC feet 
must exceed M. 

Note. — v, the tangential component of the pressure of 
earth on the back of wall multiplied by KC, tends to resist M 
and to increase eflFective weight of wall, but the friction of 
the earth there is liable to be destroj'^ed by water lodging, 
and it is not safe to rely on it. 

Examples. 

86. A wall 9 ft. high faces the steepest declivity of earth •' 
at a slope of 20* to the horizon ; weight of earth 130 lb§. per 
cub. ft., angle of repose 30°. Find average intensity'of 
thrust in wall, the total thrust on wall, the horizontal 
component of thrust, and the overturning moment of this 
component. 

Data, — y = 20°, greatest slope of earth, 
(^ — 30^ angle of repose of earth, 
'm; zn 130 lbs. wt. of cub. ft. of earth, 
D = 9 ft. depth of wall. 



• * 



/ 

/ 
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T ■=z int. of vert, stress at depth 9 ft. per sq. ft. of 
sloping surface, 

= wJ> cos 7, 

. — 130 X 9 X cos 20° = 1099 lbs. per sq. in. 

r is the conjugate thrust whose direction is parallel to 
sloping surface when earth is just about to spread. 

r' _ cos y— ,7(cos^y— cos20) 
r ~~ cos y+ ^(cos^y — cos^^) 

_ '93 97 - '364 ^ * ^ 

~ •9397+/364 ~/ , "" 

.'. r' = 1099 X -442 = 486 lbs. per sq. ft. - 
Ayer. int. of conj. stress = 243 „ „ 
Total thrust per lin. ft.^ of wall 
r' = aver. int. x area 

- 243 lbs. per sq. ft. X ^9 sq. ft. - 2187 lbs. 
H = r' COS y = 2055 lbs. 

M z= H lbs. X ? ft. = 6165 ft.-lbs. 

Weight of wall multiplied by coefficient of friction at 
lowest bed joint (if horizontal) must equal H multiplied by 
a factor of safety. Weight of wall multiplied by f ths of 
half thickness at bottom must equal M multiplied by factor 
of safety. (Weight in lbs., thickness in feet.) 

87. The slope of a cutting being one in one and a half, 
weight of earth being 120 lbs. per cub. ft., and its angle of 
repose 36°. Find average intensity, amount of horizontal 
component, and overturning moment of the thrust upon a 
3 ft. retaining wall at bottom of slope. 

tan y = =^ = '6666. .'. y = 33° 42'. 

I'O 

— 36'' and w = 120 lbs. 

D = 3 ft. .*. r =: -m; D cos y =: 299 lbs. per sq. ft. 
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cos 7 — i,y(cos^7 — cos^<^) __ 



r cos y + ^(cos^y — cos^^^) 

;. r' = 299 X -62 = 185-4, 
and aver. int. of stress = 927 lbs. per sq. ft. 

r' = ^ X d sq. ft. = 278 lbs. 

H 1= r' cos 7 = 231-6 lbs. 
M = H X 5^ = 231-6 ft.-lbs. 

6 



= •62. 



..--"'. 







Geonutricallyy r = i^D cos y, being the vertical conju- 
gate thrust, on a layer at depth D, due to the weight of the 
earth, to find in terms of r, 

r', the conjugate thrust parallel to layer. 

p and g, the principal stresses in the plane of paper. 

6, the inclination to the direction of r (i.e., the verti- 
cal), of the axis of p. 

And the third principal stress normal to plane of paper. 

Construction. Let om =z^-—^ 

Make mok = </>, the angle of repose of earth, 
Drop MK perpendicular on ok. 

Then MR = ^ - • case {d), page 73. 
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Draw semicircle. 



OH = OM - MH = qy 

ON =: OM + MN == p. 



Draw or'r, making nor = y, the common obliquity of the 
conjugate thrusts r and r', and 

OR = r ) 

0R'==: r' ] Clase (a), page 8*. 

The relations among those are easily expressed trigono- 
metrically by supposing om proportional to unity, when 

OM Drop, to 1. 



OM prop, to 1. 
radius p „ sin <f>, 

cos y. 
sin y. 



P 

OS 
MS 
RS 



» 



o „ am y. 

,s HZ V(mr'--ms') or J(/>2 - MS') (Euc. 1. 47.) 
prop, to J{^\D?<I> — sin^y ) (put (1 -cos2</>) for sin2</> 
„ ^/(cos^y -cos2<^) (and(l-cos^y)forsin2y 

p or ON = OM + p 

prop, to (1 + sin </>), 

g or OH = OM — p 

prop, to (1 — sin <^), 

r' or OR = OS — RS 

). to cos y — ;y(cos2y - cos^</>), 



prop. 

= OS + RS 

prop. 

/r' __ cosy - ^/(cos^y - cos^*^) 
r "~ cos y + ^/(cos^y - cos^^) ' 

p __ 1 + sin <^ 

r ~" cos y + v^(cos^y - cos2</>) 

5 _ 1 — sin <^ 

^ r ^ cos y + V(cosV - cos^*/)) ' 

H 



and r or OR — ^o -r xio 

). to cos y + ,v^(cos^y - cos2<^). 



. • 
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The axis of p makes an angle — i RMN, with on the 

normal to the (sloping layer) plane upon which r acts and 

on the same side. 

2rcos7 - 7> - g ^ , v ^^ 

— ^ — ^ . Case {a) page 80. 



Also cos 20 



p-q 



Since the earth is upon the point of spreading, the princi- 
pal stress normal to the paper will be the least possible, 
that is, it will be equal to q. 

Hence this is the horizontal stress on vertical face of a 
wall running up the steepest declivity : that it is greater 
than the horizontal thrust for horizontal layers may be seen 
by supposing the figure on page 99 to be drawn to such a 
scale that the line ON (which there represents the weight of 





r -OR 



r 



Fig. 62. 



vertical column of earth) will be of the same length as OL 
(which in this case represents same), and superimposing it 
upon this figure, OH there will be seen to be shorter than 
OH here. 
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From a point o on layer at depth D draw ON the normal 
to layer. Lay off OM, etc., complete construction as in last. 

Draw OP parallel to mt the bisector of rmn ; this and OQ 
are the axes of the ellipse of stress parallel to plane of paper. 

Lay off OP = on and OQ = OH, and draw ellipse ; since MR 

is always less than OM for like principal stresses, mro >► 7, 

.'. NMR >- Sy, .-. >- 7, and op is always in the acute angle 

ROW between the vertical and the line of greatest declivity, 

and making {6 ■— y) with vertical. 

Since the third principal stress normal to paper is also OQ, 
then if the ellipse revolves about pp' it will sweep out a 
spheroid. 

The resultant stress upon any plane is some vector of this 
spheroid. We know that for vertical planes the stress, 
being conjugate to r, is always in the sloping plane WB, so 
that all the vectors of spheroid lying in that plane determine 
the stresses upon all vertical planes both in direction and 
intensity. 




Fig. 63. 



The. trace of the spheroid upon the sloping plane ebcf is 
an ellipse whose major axis is or'= r, and minor axis the 
third principal thrust equal to OQ =: g ; and it lies on the 
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sloping plane with its minor axis horizontal and the 
major on line of greatest declivity. The thrust on any- 
vertical plane is the vector of this ellipse which is conjugate 
to it 

Thus a wall with vertical face whose found runs along gk 
(a line on the sloping surface inclined at an angle a to the 
horizon) sustains a thrust represented in direction and 
intensity by the vector ov which is conjugate to gok. 

ON is a line on the sloping surface at right angles to gk. 
The component of OV in the direction ON is that which is 
effective, the other being tangential to wall. As on page 65, 
construct OMV with v in place of R and r' in place oip, and 

effective comp. of ov 1= r'cos^Q + q sin^fl, 

and this is itself inclined to normal to face of wall at an 
angle j8. 

.-. Hor. thrust on wall = (rcos^O + q sin^fl) cos fi. 

6 and fi are deter- 
mined thus : 

Let GKH be a verti- 



% 



,vfd^ 







cal plane, and firstly, 
let GH be vertical Let 
also GCH be a vertical 
plane perp. to kck'. 
Then 

sin = cos KGC 

_GC 
"~ GK 

_ GH COSec y 

~~ GH cosec a 
sin a 



Fig. 64. 



gives 6, 



sm 7 



Secondly, let gh be perp. to gk, and let hk' be perp. to 
the plane GKH. hk' is therefore a line in the horizontal 
plane khk'. 
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.-. kk'2 z= hk2 + hk'2 •.• khk' is a right angle. 

= GK^ + GH^ + HK'2 • . • KGH 
= GK2 + GK'2 •/ ghk' 

.-. KGK is a right angle. 

Hence it is evident that gk'h = jS, 

. yo __ GH _ GK tan a _ tan a 
sm p — — , _ ^^ ^^ ^^^, _ ^^^ Q 

gives j8. 

Examples, 

88. A cutting having 3 ft. retaining walls is made on. 
ground sloping at 20** to the horizon. Weight of earth is 
120 lbs. per cub. ft. and its angle of repose 30°. Find the 
horizontal thrust and the overturning moment — 1st, When 
cutting runs horizontal ; 2nd, When cutting runs up steepest 
declivity; and 3rd, When cutting runs up at a declivity of 
15° to the horizon. 

Data—jy—Zii. 7 = 20°. 

w = 120 lbs. <^ = 30°. 

(Ist) r = wjy cos y = 338 lbs. per sq. ft. 

= stress on slop, layer at depth D, being verticaL 

r'_cos7 - ^/(cos^y - cosV) _ '576 __ . .^ 
r *" cos 7 + J{cos^y — cos^<^) ~ 1*304 ~" 
.-. r'= 338 X '4S42 = 149*4 lbs. per sq. ft. 

= conj. stress on vertical &ce of wall, being in 
sloping layer inclined at 7. 

r' cos 7 = 140*4 lbs. per sq. ft. 

= horizontal thrust on wall, at foot of wall. 
Aver. do. = 70*2. 
Total do. = aver. int. x area 

= 70-2 X 3 = 210-6 lbs. per lineal ft. of walL 

Moment = 210*6 x J = 2106 ft.-lbs. 

o 
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r cos y + V(cos 7 - cos^<^) 1'304 

.-. g zz 338 X -383 = 129-4 lbs. per sq. ft. 

= least principal stress in sec. on greatest 
declivity 

= also third principal stress which is horizon- 
tal on face of vertical wall. 

Aver. do. = 65 lbs. per sq. ft. 

Total do. = 65 X area = 65 x 3 = 195 lbs. per lin. ft. 

of wall. 

Moment = 195 lbs. X ^ - 195 ft.-lbs. 

(3rd) Section of spheroid of stress on the sloping layer is 
an ellipse whose axes are r and q. ov is the thrust conju- 
gate to vertical plane. 

It* o 
. 

TVT • •! sin a 

jSow sm 6 = > 

sin y 

L. sin 6 :=Jj, sin. a — L. sin 7 + 10 

= 9-4129962 - 9*5340517 + 10 

= 9-8789445. 

.-. 0izr49''ir. 

., . /^ tana tan 15" 

Also sin p = 



tan e ~ tan 49° 11' 
L. sin ^ = 10 + L. tan 15" - L. tan 49" 11' 
nz 10 + 9-4280525 - 100636448 
z= 9-3644077. 
.-. )S = 13" 23'. 
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* Effective com. of ov = r cos^0 + q sin^d 

= 63-83 + 7411 
= 137*94 lbs. per sq. ft. 

« 

= thrust on vertical face of wall 
along OMN the intersection 
of sloping layer and vertical 
plan6 at right angles to face 
of wall. 

This is inclined to face of wall at an angle j8. 

.-. Hor. thrust = 137-94 cos ^ 

— 134*2 lbs. per sq. ft. 

Aver. do. = 67*1 „ „ 

Total do. • = 671 x area — 201*3 lbs. per lin. ft, 

of wall 

Moment == 201*3 X |- = 201*3 ft.-lbs. 

* The effectiye component of OV can be more easily calculated by the 
formula 

Eflfective component of OV = — »-^ + ~ ^ cos 26 

- 139-4 + 10(--146) 
= 139-4 - 1-46 
= 137-94. 



END. 
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Merivale, B.D. New edition, carefully revised and en- 
larged.^ 4i. 6ii. Ot separately 2s. 6d. each; 

TAOITUS-^AOBIOOIiA and O&RMANIA. Edited by A. J. 
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Stuart Blackie, Professor of Greek in the University of 
Edinburgh. New Edition. Fcap. Svo. as. 6d. 

C\tmBX>—THE ACADEMICA. The Text revised and explained 
by James Reid, M.A., Fellow of Caius CoU^e^ Cambridge. 
New Edition. With Translation. Sva [In the press. 

s THE ACADEMICS. Translated James S. Rcit), M.A.- 
Svo. 5j. 6^. 

SELECT LETTERS.'^Aha: the Edition of Albert 
Watson, U.A. Translated by G. E. Jbams^ M.A,, Fellow 
of Hertford College, Oxford, and Assbtant-Master at Hailey- 
bory. *8vo. \[Ip0miii»tefy, 
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OULSWIOAIm WBITBR8. Edited by J, R. G&SKN, M,A. 
Fcap. 8yo. u. 6d, each. 

A Series of small volumes upon some of the principal 
classical writers, whose works form subjects of study in our 
Schools. 

EURIPIDES, ByPiofessor J. P.Makaffy. \Ready. 

LIVY. By Rev. W. W. Capes, M.A. [Ready. 

SOPHOCLES. By Prof. Lewis Campbell. [Ready. 

VERGIL. By Professor H. Nettleship. [Ready. 

VUUUk—PftACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the »se. of Classical 
Teachen and Lmgoists. By A. J. Elus, B.A., F.R.S. 
Extra fcap. 8vo. 4Jp 6^. 

miOlOLlxri-^EXERCISES ON LATIN SYNTAX AND 
IDIOM, ARRANGED WITH REFERENCE TO 
ROBY*S SCHOOL LATIN GRAMMAR. By E. B. 
England, M.A., Assistant Lecturer at the Owens College, 
Manchester. Cro^-n 8vo. [In preparation. 



Bt7RZPXDBS^»IE]>x:A. Edited, with Intr6duction and N6tes, by 
A. W. Verrall, M.A., Felloe and Lecturer of Trinity 
College, Cambridge. 8vo. [In preparaihn. 

mBmil^B—THE PROBLEM OF THE HOMERIC POEMS. 
By W. D. GsDDBS, Professor of Greek in the Univeislty of 
Abodeen* 8tow i^. 

aiiADsraoim— Works by the Rt Hon. W. £. Gladstonx, M.P. 
yUVENTUS MUNDIi or, Gods and Men of the Heroic 
Age. Second Edition. Crown 8vo, lor. &/• 
THE TIME AND PLACE OF HOMER, down 8vo. 

A PRIMER OF HOMER. l8mo. u. 
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aoODWZN-— Works by W. W. GoODWtN, ^ofessor (rf fSBHlk in 

Harvard University, U.S.A. 

Sy^TTAX OB THE MOODS AND TBNSBS OF THE 
GRkBK VERB. New Edition, revised. Cro^ *n>. 
6i. &^ 

AN ELEMENTARY GREEK GRAMMAR. New Edition, 
revised. Crown 8vo« 6j. 

" It is the best Greek Grammar o£ its size in the English language."— 
. Athenaunt, 

GOODWIN-^ TEXT-BOOK OF GREEK PfflLO^OPHY, 
based on Ritter and Preller's "Historiae Philosophiae 
Graecae et Romanae." By Alfred Goodwin, M.A. Fellow 
of Balliol College, Oxford, and Professor of Greek in 
University College, London. 8vo. \In preparation, 

I9RBENWOOD— r^JS ELEMENTS OF GREEK GRAM- 
MAR, including Accidence, Irregular Verbs, and Principles of 
Derivation and Composition ; adapted to tiie System of Crude 
Forms. By J. G. Gesbnwood, Principal of Owens College, 
Manchester. New Edition. Crown 8vo. 5j. 6t/. 

HBftODOtUS, Books l.—Tll.^TffE EMPIRES OF THE 
EAST, Edited, with Notes and Introductions, by A. H. 
Sayce, M.A., Fellow and Tutor of Queen's CoU^e, Oxford, 
and Deputy-Professor of Comparative Pl^lology. 3to* 

\ln preparation, 

WP^9nws^ -MYTHOLOGY FOR LATIN VERSIFICA- 
TION, A brief Sketch of the Fables of the Ancients, 
prepared to be rendered into Latin Verse for Schools. By 
F. Hodgson, B.D., late Priov«»( <^ Eton. New Edition, 
revised by F. C. HoDGSpN, M..A. iteo. 3x. 

noVLBBr-^THE ODYSSEY. Done into English iby S. H. 
BuTCHBR, M.A., Fellow of University College, Oxford, and 
AMDKitw Lang, M.A., kte FeUow of Kfetldn iS<^Ieg«^ ^Sim^, 
Second Edition, revised and corrected, with ^ew ^troduction, 
additional Notes and Illustrations. Qf^l^ 9v9b los. ^, 

THE ILIAD, Edited, ?vitb Introducition ^U^ Kotes, by 

Walter LbAf, M. A., Fellow of Trinity College, Cambridge, 

. and the late J. H. Pratt, M,A. 8vo. [In prtparation. 
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BOMflSKf piOVlOVABY. For Use'in Sdiool^ iM Coflcges. 
l^ranaiatej firom th^ Goman ol br.;G. Autenieitiiy witli 
Adcdtioas suod Corrections by R. P. Kssp, Fb.D. With 
nnmcrous lUustratioiUk Crown 8vo. 6s, 

HORACB— r^uS WORKS OF HORACE, rendered into 
English I^xxse, with Introductions^ Running Analysis, and 
Notes, by J. Lonsdalb, M.A., and S. Lue, M.A. Globe 
8yo. %s. 6d. 

THE ODES OF HORACE IN A METRICAL PARA- 
PHRASE. By R. M. Hovsndbn. Extra fcap. 87a 4/. 

HORACES S LIFE AND CHARACTER, An Epitome of 
his Satires and Epistles. By R« M. Hovsmdbn. Extra fcap. 
§Ya 4J. &/. 

WORD FOR WORD FROM HORACE. The Odes 
literally Verified. By W. T. Tao&NTONt C.S» Crown 
8vo. ^x. M 

^MLOJ^UpHf—FIRST STEPS TO GREEK PROS& COM" 
POSiTION By Blomfield Jackson, M.A. Assistant- 
Master in King's College School, London. New Edition 
revised and enkxiged. iSma^ u. iid, 

SECOND STEPS TO GREEK PROSE COMPOSITION, 
with Miscellaneous Idi9xnsy Aids tp Accentuation, and Exami- 
nation Papers in Greek Scholarship. tSmo. 2s, 6d, 

«*« A Key to both Parts, for the use of Teachers only, is in 
preparation. 

JACKSON—^ MANUAL OF GREEK PHILOSOPHY, By 
HxMRT Jacki^on, M.A., Fellow and Pnelector In Ancient 
Philosophy, Trinity Colh4;e, Cambridge. \ln prepam^on. 

YfiBB— Works by R. C Jebb, M.A., Professor of Gredc |n the 
University of Glasgow. 

THJ^ ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS, avols. 8vo. 25^. 

SELECTIONS FROM THE ATTIC ORATORS, ANTI- 
PHdN, ANDOklDES, LYSIAS, ISOKRATES, AND 
ISMOS. Edited, with Notes. Being a companion volume to 
•the preceding work. Sto. I2j 6^. 
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JEBB Continued — 

THE CHARACTERS OF THEOPHRASTUS.Tva^\.<s^ 
from a revised Text, with Intxodncdoii imd Note& Ei#a fcap. 
8vo. dr. td, 

A PRIMER OF GREEK LITERATURE. i8mo. \s. 

A HISTOR Y OF GREEK LITERA TURE. Crown 8vo. 

\In preparation, 

;iXrrBXfKU— THIRTEEN SATIRES OF yUVENAL. Wifli 
a Coxmnentaiy. By John £. B. Mayor, M.A., Kennedy 
Professor of Latin at Cambridge. VoL I. Second Edition, 
enlarged. Crown 8yo. 7^. 6cl, Vol. IL Crown 8vo. zor. 6d. 

** For really ripe scholarship, extensive acfluafintanc^ with lAtin litera* 
ture, and familiar knowledge of continental criticism, ancient and modem, 
it is unsurpassed among English editions." — Prof. Conington ik 
''Edinburgh Review.'* 

" Mr. Mayor's work is beyond the reach of common literary compli- 
ment. It is not only a commentary on Juvenal, but a mine of the most 
valuable and interesting information on the history, social condition, 
manners, and beliefs of the Roman world during the period of the early 
Empire." — Prof. Nettleship in the ** Academy." 

" Scarcely any valuable contribution that has been hitherto made to the 
interpretation of Juvenal will be sought in vain in this commentary .... 
This excellent work meets the long felt want of a cpmmentary to Juvenal 
on a level with the demands of modem science.— Prof. Friedlanoer 

op KoNIGSBERG in " JaHRESBERICHT FURALTBI^rHirMSWrSSENSCHAFT." 



'^MANUAL OF ANCIENT ' GEOGRAPHY, 
- Translated from the German of Dr; HsinriCh Kikp*brt. . 

\In the press. 

KYUAMTOVt'SXERCISES IN THE COMPOSITION OF 

GREEK IAMBIC VERSE by Translations from EngHsh 

Dramatists. By Rev. H. Kynaston, M.A.^ Principal of 

i Cheltenham College. . With Introduction, Vocabulary, &c. 

I Extra Fcap. 8vo. 4f, dd. 

KEY TO THE SAME (for Teachers only). Extra fcap. 
8yo, 4J. 6^. 

i EXEMPLARIA CHELTONIENSIA : sive quae^ discipulis 

I suis Carmina identidem Latine reddenda proposuit ipse red- 

I didit ex cathedra dictavit Herbert Kynaston, M.A., 

Principal of Cheltenham College. Extra fcap. 8vo. 5j. 

LIVY^ Books XXI.— XXT. Translated by A. J. Church, 
M.A., and W. J. Brodribb, M.A. \Iu preparation. 

\ 
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IiLOVD— 7KB AGE OP PERICLES.' A Ifistory of -di* 
Politic and Arts of Greece fronrthe Persian to the Pdopon- 
nesianWtf. By William WatkissLloyix a¥Qte< Svo. au* 

WUXm^I^Ukmr-PiPST LATli^ GRAMM4R. By M. C. 
IdACMiLLAN^ M. A., late Scholar of Christ's CoU^, Cambiidgei 
A&dstant MaMer in St FauTs School iS&o. ix. 6</. 

iNMB^rFY— Works by J. P. Mahatfy^ M.A.|' PxofosQV of 
Ancient Histoty «in -Trimty College^ Dublin. 

SOCIAL LIPE 11^ GREECE: from Homer to Itanader. 
Third Edition, revised and enlarged. Crown Sto, 9f. 

RAMBLES ANJ> STUDIES IN GREECE^ With lUus- 
tratiotts. Second Edition. With Idap. Crown Sva los.dd, 

A PftlMER OP GREEK ANTIQUITIES. WithJOOn?; 
trations. iSmo. • \u 
EURIPIDES. : i^ino. u. M 

MARSHAXiXi — A TABLE OP IRPEGULAR GREEK 
VERBSf classified according to the> arrangement of Curtius 
Gredc Grammar. By J. M. Marshall^ M.A., one of the 
Masters in Clifton College. 8vo. doth. New Edition, is. 

WARTlAli—SELECT EPIGRAMS PROM MARTIAL FOR 
ENGLISH READERS. Translated by W. T. Webb, 
M.A., Professor of History and Political Economy, Presidency 
College, Calcutta. Extra fcap. Svo. 4;. 6^. 

BOOKS /. AND IL OP THE EPIGRAMS. Edited, 
with Introduction and Notes, by Professor }. E. B. Mayor, 
M.A. Svo. [In preparation. 

MAYOR (JOHN B. n.y^PIRST GREEK RfiADER, Edited 
after Karl Halm, with Corrections and large Additions by 
Professor John E. B. Mayor, M. A., Fellow of St John's 
College, Cambridge. New Edition, revised. Fcap. Sva 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA- 
. .TURE. Edited after HttBMSB, witii large Additions by 
Professor John El B. MA¥0R.r Crown 8vo. ts. 6d. 
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MArrat (xMBra my^JUtEJT for smginnems. Sf 

Dw Kev. J. a 1I4TOI. M.A^ Piniuwn of dAnical Ltaabire 
in Khofl'i GoUc^ Lontak lint L, with Vprihwhrj^ u. €d. 
Parti n. and IIL, with Vocabnhoy and Inde^ 3*. 6d, oom- 
plete in one VoL New Editioii. Fcap. 8fou dotik 4^. 641 

WnMOM^FdRALLBL EXTRACTS aiiai«dl fcr tnttdatum 
into Eog^hh and Latin, with Notes on Idioms. Bf J. K 
NctoH, M. A., Fdlow ttd Clasical LiBCtmcr, Kin|f s Coltege, 
Cambridge. PartL^HfUntel Md l^piatateyt. N«# MHion. 
and wihugrd, Gidwb tio. 3^ • M 



i< /»ir Ardr^5 on LATm rhetoric. With 

Tables and Bfastntioos. By J. S. Nmw, llA. down 
9f<s: nf* 

PfilLB (JOHN, M.A.)— ^i\r INTRODtrCtlON TO GREEK 
AND LATIN ETYMOLOGY. By John Pkile, BlA., 
Fellow and Tutior of Chrisl's CoUege^ Q^taMc!^ formerly 
Teacher of Sanskrit in tlie Uniyezsity of Cambrid^ Third 
and Kerised Edition. Crown 8fo. lOir. 6m£ 
A PRIMER OF PHILOLOGY. iSmo. i/. By the same 
Antfaor. 

nVIPAB-^THE EXTANT ODES OF PINDAR. Translated 
into English, witk on Introduction and short Kotes, 1^ Ernest 
Mvnts, M.A., Fellow of Wadham CoU^^ QxfofdL Crown 
ivo. 5i. 

P&ATO— 7!£r^ REPUBLIC OF PLATO. Traadirtffd into 
English, with an Analysis and Note^ bf J. Lb. Davibs^ 
M.A,, and D. J. Vaughan, M.A. New Edition, with 
Vignette Portraits of Plato and Socrates^ engraved by Jbsns 
from an Antique Gem. tSma 4i. 6d. 

PHILEBlfS. Edited, with Introduction and Notes, by 
HsNSY Jackson, M.A., Fellow of Trinity College,Cambridge. 
8vo. \In pr^ratiim. 

THE TRIAL AND DEATH OF SOCRATES, Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Church^ Crowji 8vo. 4^. 6d, 
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VhAtrrVB^rSB HOSTMLLARIA OF J^^UTm. WItit 
Notes, VtolsffmiBxa^ and Sxcmiiis. By W1LU411 BAnaAV, 
M.A.y fionDcrly Frafesaor ef {lusumky in ^ UmveisUy of 
Gla^w. Edited by Professor Gsorgb G. Ramsay, M.A., 
of the University of Glas^[ovr. 8m ti^. 

POTTB (A. W.j M.A.)— Works by Albxandbr W. Potts, 
l^f.A., LL.D., late t*dlowof Si John's College, Csttl»ldge| 
Heid Master of the F^ttes College. Edisbtxxgh. 

HINTS TOWARDS LATIN PROSS COMTO^SITTON. 
Kew Edifi^ii. Extm fcap. Syo, 31. 

PASSAGES FOR TltANSLATIQN INTO LATIN 

PROSE. Edited with Notes and References to the above. 
Extra fcap. 8v0f 2s, 

LATIN VERSIONS OF PASSAGES FOR TRANSLA- 
TION INTO LATIN PROSJS, Wot Te^cUers only. 2s, 6d. 

EXERCISES IN LATIN PROSE. With iiitwidtfction, 
^otes, &c.« for the Middle Fornix of Schools. ]^xtra feap. 8vo. 

[If^^i^rif^ioft, 

ROBY— ^ GRAMMAR OF TME LATIN LANGUAGE^ from 
Plantus to Suetonius. B7 H. J. Roby, M.A., late Fellow of 
St John's College^ Candnldge. ZnTwol^arts. Third fiction, 
^artl. odntaitiing:— Bookl. Sounds. Book 11 fnflexionf. 
Book IIL Word-formation. Appendices. CroWn 8va 8j. 6^ 
Part IL — Syntax, Prepositions, &c. Crown Svo. IQ^. (S^ 

"Marked by the clear and pi:^tised Iqfight ofi a xnQsiar |n 1i% arC* 
A book that woold do hfmoor to lay edoiafiy. ^--iATiDiWjKUJi. 

SCHOOL LATIN GRAJi/JlifAR, By the same Author. 
Crown SwQ, 5j. 

nUBn-SYNTHETIC LATIN DELECTUS. A First; Latin 
Constiuing Bode arranged on die Principles of Gratiiimatica!! 
Analysis. With Notes and Vocabulary. By E. RusR, B.A. 
With Preface by the Rev. W. F. Moitlton, M.A., D.D. 
Eztia fea|)b Svo. ^. 

nvWT—FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. R!vst, 1k,K of ^Pembroke College^ Oxford, 
Master of the Lower School, King's College, London. New 
Edition. i8mo. is. 6^. 
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RtmBBmFOftB— i4 FIRST GREEK GRAMMiAR.'&f^*i^ 
RirTBX&rOKD» MUL, Aasistaat liiflster In S^ Paul's Sdiool, 
Loodoou Eietra fcap. Sva New EditioD, enlarged, u. 6(/. 

SBEZ.EY— i4 PRIMER OP LATIN LITERATURE. By 
Prof. J. R. SuLXY. [/»/f^^af»MV. 

BlUPW>K'-PROGRESSIVE EXERCISES IN LATIN 

PROSE COMPOSITION Founded on Passages selected 

from Cicero, Livy, &p. By F. P. Simfson> B.A., of Balliol 

College, Oxford. \^In preparation, 

rhXitrOB^COMPLETE WORKS TRANSLATED. By A. J. 
Church, M.A., and W* J. Bkodrkbb, M.A. 

THE HISTORY. With Notes and a Map, New Editidu 
Crown 8to. 6#. 

THE ANNALS. With Notes and Maps. New Edition. 
Crown 8vo. is. 6d, 

THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATORY. With Maps and Notes. 
New and Revised Edition. Crown 8va 4^. ^ 

THBOjCJEUTIXB, BI9N and IRIOSPByS. R^dcred into 
English Prose with Introductory. Essay by Andrew Lang, 
M.A. Crown 8vo. 6j. 

TBBOPHBA8TU8— r/O^ CHARACTERS OP THEO- 
PHRASTUS. An English Tianslatioii from a Revised Text. 
With Introduction and Notes. By R. C Jsbb, M.A., Pro- 
fessor of Greek in the University of Glasgow. Extra fcap. 8vo. 

mBIN4»T-Worh8 by the Rer. E. ThrinGi VLh,^ Head- 
Master.<^ Uppingluun School 

A LATIN GRADUAL. A First Latin Ceostruhig Book 
for B^^inners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo.. %s. 6d. 

A MANUAL OP MOOD CONSTRUCTIONS. Fcap. 

8vo. i^. 6df. 

A CONSTRUING BOOK. Fcap. 8va 2s. 6d. 
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ymaiir-r^jE works of virgil rendered iiiro 

ENGLISH PROSE, with Notes, Introductions, Running 
Analysis^ and an Index, by James Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition. Globe 8va 3/. 6d, ; 
gilt edges, \s. td, 

WHlTn— FIRST LESSONS IN GREEK. Adapted to Good- 
win's Greek Grammar. By John Williams White, PI1.D., 
Assistant-Prof, of Greek in Harvard University. Crown 8vo, 

\In the press. 

WII.KIN8— i4 PRIMER OP ROMAN ANTIQUITIES. By 
A. S. WiLKiNS, M.A., Professor of Latin in the Owens 
College, Manchester. With Illustrations. i8mo. is. 

WRIGHT— Works by J. Wright, M.A., late Head Master of 
SuUon Coldfield School 

LEXLENICA; or, A HISTORY OP GREECE IN 
.CREEKf as related by Diodorus and Thucydides; being a 
First €rreek Reading Book, with explanatory Notes, Critical 
and HistoricaL New Edition with a Vocabulary. Fcap. Svo. 
Zs, 6d. 

A HELP TO LATIN GRAMMAR; or, Th^ Form 
and Use of Words in Latin, with Progressive Exercises. 
Crown 8va 4f. 6d. 

THE SEVEN KINGS OP ROME. An Easy Narrative, 
abridged from the First Book of livy by the omission of 
Difficult Passages; being a First Latin Reading Book, with 
Grammatical Notes and Vocabulary. New and revise<f 
edition. Fcap. 8vo. 3^. &/• 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LA TIN LANGUA GE. Crown 8vo. 5^. 

ATTIC PRIMER. Arranged for the Use of Beginners. 
' Extra fcap. 8vo. 4J. 6d. 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rule, 
and Vocabularies. Crown 8vo. 4J. 6d» 

h 
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MATHEIHATICS. 

MRY— Works by Sir G. B. Airy, ICCB., Astronomer 
Royal:— 

ELEMENTARY TREATISE 01^ PARTIAL DIP- 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universities. With Diagrams. Second Edition. 
Crown 8to. 51. 6^ 

• ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OP OBSERVATIONS AND 
THE COMBINATION OP OBSERVATIONS. Second 
Edition, revised. Crown Sva 6r. td. 

UNDULATORY THEORY OP OPTICS. Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. 6f . 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
V^th the Mathematical Elements of Music. Defogned for the 
Use of Students in the University. Second Edition, Revised 
and Enlarged. Crown 8vo. 91. 

A TREATISE OP MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. 9^. 6^ 

AIRY (OSMUND)— -4 TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters hi Wellington College. Extra fcap. 8vo. 3^. 6</. 

BAYWA—THE ELEMENTS OP MOLECULAR MECHA' 
NICS. By Joseph Bayma, S.J., Professor of Philpsophy, 
Stonyhutst Collie. Demy 8vo. los. 6d. 

BSASI.EY— ^A^ ELEMENTARY TREATISE ON PLANE 
TRIGONOMETR Y. With Examples. By R. D. Beasley, 
M.A., Head Master of Grantham Grammar SdiooL Fifth 
Edition, revised and enlarged. Crown 8vo. 3^. 6dl 

BLACKBURN [jmo^lSL) — ELEMENTS OP PLANE 
TRIGONOMETRY^ for the use of the Junior Class in 
Mathematics n the University of Glasgow. By Hugh 
Blackburn,' M. A., Professor of Mathematics in the Univer- 
sity of Glasgow. Globe 8va is, 6ti. 
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BOOLB— Works by G. Boole, D.C.L.» F.R.S.,.late Fiofessor 
of Mathematics in the Queen's University, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition. Edited by I. TODHUNTSIU Crown 
8vo. 14;. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Supplementary Volume; Edited by I. Todhuntsr. Crown 
8vo. Sj. 6d. 

THE CALCULUS OF FINITE DIFFERENCES. 
Crown 8vo. los. 6d. New Edition, revised by J; F. 

MOULTON, 

'BUOOVL.'SVmu {J ,)— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St, 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 4^. 6^. 

CAMBRID6B S&NATB-HOU8E PROBLBMS and RIDBR8 
WITH SOIiUTIONSi— 

l%^$— PROBLEMS AND RIDERS, By A. G. GwtENHiLL, 

- M.A. Crown 8va &f. 6d. 

iSj^—SOLUTIONS OF SENATE-HOUSE PROBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaishkr, M.A., Fellow of Trinity College, 
Cambridge. 12s. 

OiM-DlM-BMr-HELP TO ARITHMETIC. Designed for the 
use of Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham School. Extra fcap. 8vo 2s. 6d. 

CHEYNB— ^iV ELEMENTARY TREATISE OA THE 
PLANETARY THEORY. By C. H. H. Cheyne, M.A., 
F.R.A.S. With a Collection of Problems. Second Edition. 
Crown 8vo. 6s, 6d. 

CHRISTIB— ^ COLLECTION OF ELEMENTARY TEST 
QUESTIONS IN PURE AND MIXED MATHE- 
MATICS; with Answers and Appeijdlces on Synthetic 
Division, and on the Solution of Numerical Equations by 
Horner's J^ethod. By Jambs R. Christie, F.R.S., Roya 
..Military Academy, Woolwiclu Crown 8vo. %s. 6d. 
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QLirromy—rffE elements of dynamic. An in- 
troduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By W. K. Clifford, F.R.S., Professor of Applied 

\ Mathematics and Mechanics at University College, London. 
Part I.— KINEMATIC. Crown 8vo. 7j. 6^. 

OUMMINO— ^A^ INTRODUCTION TO THE THEOR\ 
OF ELECTRICITY. By LiNNiBUs Ctjmming, M.A., 
one of the Masters of Rugby SchooL With Illustrations, 
Crown 8vo. &r. 6^. 

CVTVMlAntSOVL— EUCLIDIAN GEOMETRY. By Francis 
CuTHBERTSON, M. A., LL.D., Head Mathematical Master of 
the City of London SchooL Extra fcap. 8vo. 4J. 6d. 

DAXiTON— Works by the Rev. T. Dalton, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. Ne^ Edi- 
tion. i8mo. 2s. 6d, [Answers to the Examples an appended. 

RULES AND EXAMPLES IN ALGEBRA. Part I. 
New Edition. i8mo. 2s, Part II. i8mo. 2s, 6d. 

l^Kli—PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I., THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A. Crown 8va 
3J. 6d. 

WBLJSW-^GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M,A., St. John's College^ 
Cambridge. New Edition, enlarged. Crown 8vo. Si. 

SOLUTIONS TO THE PROBLEMS JN DREWS 
CONIC SECTIONS. Crown 8vo. 4^. 6d. 

r-GRADUATED EXERCISES IN ANALYTICAL 
GEOMETRY, Compiled and arranged by 'J. M. Dyer, 
M.A., Senior Mathematical Master in Cheltenham College, 
Crown 8vo. [In preparation. 
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BDOAR (J, H.) tflkd PRXTCHARB (0> B^^NOTM-BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GMQ- 
METRY, Containing Problems with help for SobitioiM* .^ By 
J. H. Edgar^M.A., Lecturer on Mechaoical Drawing nt the 
Royal School of Mines, s^ul G. ..S. piaTCHMP* .> Fourth 
Edition, revised and enlarged. By Arthur Meeze. Globe 

FBRBBR8— Works by the Rev. N. M. Ferrers, M.A., FeUow 
and Tutor of Gonville and Caius College^ Cambridge. 

AN ELEMENTARY TREATISE ON TRI LINEAR 
CO-ORDINATES^ the Method of Reciprocal Polars, and 
the Theory of Projectors. New Edition^ revised. Crown 8vo. 
dr. 6^ 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS^ AND SUBJECTS CONNECTED WITH 
THEM, Crown 8vo. Is. 6d. 

FROST— -Works by Percival Frost, M.A., foimerly Fellow 
of St. John's College^ Cambridge ; Mathematical Lecturer of 
King's College. 

AN ELEMENTARY TREATISE ON CURVfi TEA' 
CING. By Pbrciyal Frost, M.A. 8va l2s. 

SOLID GEOMETRY. A New Edition, revised and enlarged 
of the Treatise by Frost and Wolstbnhoucb. In a Vols. 
VoL I. 8vo. i6f. 

GODrBAY—Works by Hugh Godfray, M^A.^ Mathftwatifial 
Lecturer at Pembroke Coll^;e, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of CaUeges 
andSdiools. NewEditk>n. 8va 12^.6^1 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEOR Y, with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown 8va 5j. 6cl» 

HBMMINO~^A^ ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hsmminq, M.A., 
Fellow of St. . John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vq 9^ • • 
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JAeHiBOW -^ GEOJIfETJirCM tOTtlC SECTIOm. Aa 
Elementaxy Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Method 
of Projection* By J. Stuart Jackson, M. A., kte Fellow of 
Crohville and Caius Collie, Csunbridge. Crown 8vo. 4j. (hL 

JBLLBT (JOHNH.)--^ TREATISE ON THE THEORY 
OF FRICTION, By John H. Jellet, B.D., Senior Fellow 
of Trinity College, Dublin; President of the Royal IrisH^ 
Academy. Svo. &. 6d. 

JONES mad CTLBrX'i!i'&— ALGEBRAICAL EXERCISES. 
Progressively Arranged. By the Rev. C A. Jones, M.A., and 
C. H. Cheyne, M.A., F.R.A.S., Mathematical Masters of 
Westminster SchooL New Edition. i8mo. 21, 6a, 

KBLLAND and VAlT—INTRODt/CTION TO QUATER- 
NIONS^ with numerous examples. By P. KellanD, M.A., 
F,R.S. ; and P. 6. Tait, M.A., Pro£^ors in the department 
of Mathematics in the University of Edinburgh. Crown 8vo. 

KITCHBNBR— ^ GEOMETRICAL NOTE-BOOK^ containmg 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry. For the use of Schools. By F. E. 
Kitchener, M.A., Mathemathical Master at Rugby. New 
Edition. 4to. 2j. 

VLAWt^NATTURAL GEOMETRY: an Introduction to tiie 

Logical Study of Mathematics. For Schools and Technical 

Classes. With Explanatozy Models, based upon the Tachy- 

metrical Works of Ed. La^t. By A. Mault. i8mo. u. 

Models to Illustrate the above, in Box, 12s, 6d, 

JOXR-RtVLAYSi -^ ELEMENTS OF THE METHOD OF 
LEAS 7 SQUARES, By Mansfield Merriman, Ph.D. 
Professor . of Civic and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Penn. Crown 8vo. is, 6d, 

MIImImABL— ELEMENTS OF DESCRIPTIVE GEOMETRY. 
By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. dx. 
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MORGAN — ^ COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS, With Answers 
By H. A. Mo]^;axi, M.A., Sadlerian and Mathematical 
Lecturer of Jesus Collie, Cambridge. Crown 8vo. dr. 6^. 

VLVIK—DETERMINANTS. By Thos. Muir. Crown 8yo, 

[In preparation, 

NEWTON'S PRINCIPIA. Edited by Prof. Sir W. Thomson 
and Professor Blackburn. 4to. doth. 31J. 6d, 
THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA, With Notes and Illustrations. Also a col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Psrcivaz. Frost, M.A. Third 
Edition. 8vo. 12s, 

PARKINSON— Works by S. Parkinson, D.D., F.R.S., Tutor 
and Prsdector of St. John's CoU^e, Camlmdge; 
AN ELEMENTARY TREATISE ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
New Edition, revised. Crown 8vo. cloth. 9; • 6d, 

A TREATISE ON OPTICS. New Edition, revfaed and 
enlarged. Crown 8vo. doth. los. 6d. 

VW^Jm'B'Y'-EXERCISES in ARITHMETIC foj the Use of 

• 

Schools. Containing more than 7,000 original Examples. 
By S. Pkdley, late of Tamworth Grammar School. Crown 
8vo. 5j. 

l^nEiLU—ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phear, M.A., Fellow and late 
Assistant Tutor of Chure CoUege, Cambridge. New Edition. 
Crown 8vo. doth. 5j. 6d, 

PlKlia— LESSONS ON RIGID DYNAMICS, By the Rev. 
G. PiRlE, M.A., late Fellow and Tutor of Queen's College, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. 6s, 

mJCKIiB—^iV ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY, With 
Numerous Examples and Hints for their Solution; espedally 
designed for the Use of Beginners. By G. H. PvcKLl^ M. A. 
New Edition, revised and enlarged. Crown 8vo. 7^. 6</. 
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nA'WmVBOn— ELEMENTARY STATICS, by the Rey. 
George Rawlinson, M.A. Edited by the Rev. Edward 
Sturges, M.A. Crown 8yo. \5,6d, 

UAYlMmGH" TBE THEORY OF SOUND. By Lord 
Raylbigh, M.A., F.R.S., fonnerly Fellow of Trinity Coll^^e, 
Cambridge. 8vo, VoL I. I2J. 6*/. Vol. II. I2J. tcU 

[Vol, III, in thepress^ 

nBYiaOU^^— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A.y Mathematical 
Master in Clifton College. Crown 8vo. 3^. 6d. 

ROXTPH— Works |by Edward John Routh, M.A., F.R.S., 
* late Fellow and Assistant Tutor of St. Peter's Collie, Cam- 
bridge ; Examiner in the University of London. 
AN ELEMENTARY TREA TISE ON THE D YNAMICS 
OB THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Third and enlarged Edition. 8vo. 21s. 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY M07I0N. Adams' Prize 
Essay for 1877. 8va 8/. 6d. 

BMITH — Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bursar of St. 
Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. D^^i^e, 
New Edition, carefully revised. Crown 8vo. lox. 6d. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. 4^. 6</. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. 
New Edition. Crown 8vo. 8j. 6d. 

EXERCISES IN ARITHMETIC. Crown 8vo. limp doth. 
28. With Answers, zr. 6d. 

Or sold separately, Part I. is. 5 Part IL i^. ; Answers, 6d. 

SCHOOL CLASS-BOOK OF ARITHMETIC l8mo. 
doth. 3J. 

Or sold separately, in Three Parts, is, each. 
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KEYS TO SCHOOL CLASS-BOOK OP ARITHMETIC 
Farts I., II., and III., 2x. 6^. each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 

AND ELEMENTARY SCHOOLS. i8mo, doth. Or 

separately, Part I. 2d. \ Part II. yl. ; Part III. 7^ Answers. 

td. 

IHEl SAME^ with Answers complete. i8mo, doth. \s. 6d. 

KEY TO SHILLING BOOK OF ARITHMETIC. 
i8ma 4^. 6d. 

EXAMINA TION PAPERS IN ARITHME TIC. l8mo. 
\s. td. The same, with Answers, i8mo. ^s. Answers, ^d. 

KEY TO EXAMINATION PAPERS IN ARITH- 
METIC, i8mo. 4J. 6d. 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo. doth, sewed. 3^/. 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 42 in. by 34 in. on Roller, mounted and varnished, price 
3j. (id. New Edition. 

Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing,- Spelling, and Dictation. Part I. for 
Standard L in National Schools. Crown 8vo. ^, 

EXAMINATION CARDS IN ARITHMETIC. (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, \s. Standards III., IV. and V., 
in boxes, \s. eadi. Standard VL in Two Parts, in boxes, 
u. each* 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the Colours of the A and B papers differ in 
each Standard, and from those of every other Standard, so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 
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BMOWBAUi — THE ELEMENTS OP PLANE AND 
SPHERICAL TRIGONOMETRY; with the Coostmcdoa 
and Use of Tables of Logaritfams. By J. C. Snowbaxx, BlAv 
New Edition. Crown 8vo. 7j. 6<£ 

BYIiIJkBnB OF PLANS GEOMBTRY (conesponding to 
Eiidid, Books I. — ^VI.). Prepared by the AsfiodatUni for the 
Improvement of Geometrical Teaching. New Edition. Grown 
8to. ij, 

TAZT nad 8TBEUB— ^ TREATISE ON DYNAMICS OF 
A PARTICLE. With numerous Examples. By Professor 
Tait and M&. Stkxlk. Fourth Edition, revised. Crown 8to. 

12/. 

T-B-BAH— ELEMENTARY MENSURATION FOR 
SCHOOLS, With numerous Examples. By SxPTDftrs 
Tebay, B.A., Head Master of Queen Elizabeth's Grammar 
School, Rivington, Extra fcap. 8vo. 3/. 6^. 

TODHUNTER— Wodcs by I. ToDHUNTEK, M.A., **.R.S., of 

St John's Collie, Cambridge. 

" Mr. Todhimtar is chiefly known to stndents of Matbematies as the 
author o£ a series of admirable mathematical text-books, which possess 
the rare qualities of being clear in style and absolutely fine fircmi mistakes, 
typographical or other." — Saturday Rsvibw. 

THE ELEMENTS OF EUCLID. For the Use of CoU^;es 
and Schools. New Edition. i8mo. y, 6^. 

MENSURATION FOR BEGINNERS, With numerous 
Examples. New Edition. i8mo. 2s, 6d, 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. 2j. 6d, 

KEY TO ALGEBRA FOR BEGINNERS. Crowto 8vo. 
6s. 6d» 

TRIGONOMETRY FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo* 2s, 6d, 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown 8vo. 8/. 6d. 
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TODHUNTEB Continued^ 

MECHANICS FOM BEGINNERS. With numerous 
' Examples. New Edition. i8mo. 4;. 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 
8vo. 6f. &/. 

ALGEBRA. For the Use of Collies and Schools. New 
Edition. Crown 8vo. Is, 6d. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8vo. iw. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. Crown 8vo. 
'js. 6d. 

PLANE TRIGONOMETRY, For Schools and CoUeges. 
New Edition. Crown 8vo. 5/. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. 
lar. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8yo. 4^. 6d, 

PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown 8yo« 
*js, 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown 8vo. 
10s. 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND 
ITS APPLICATIONS. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. 10s. 6d. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. New Edition, revised. Crown 
8va 4J. 

A TREATISE ON ANALYTICAL STATICS, With 
numerous Examples. New Edition, revised and enlarged 
Crown 8vo. 10^. 6^. 
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TODHUNTER ConHnwd^ 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY^ fix)m the time of Pascal to that of 
Laplace. 8vo. i%s* 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONS, principally on the Theory of Discontinuous Solutions : 
an E.s^ay to which the Adams Prize was awarded in the 
University of Cambridge in 1871. 8vo. 5i. 

A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Lapkoe. 2 vols. 
8vo. 24J. 

AN ELEMENTARY TREATISE ON LAPLACE S, 
IJIMKS, AND BESSEVS FUNCTIONS. Crown 8vo. 
lOf. 6d, 

ViriLSON (J. m.y-ELEMENTARY GEOMETRY. Books 
I. to V. Containing the Subjects of Euclid's first Six 
Books. Following the Syllabus of the Geometrical Association. 
By J. M. Wilson, M.A., Head Master of Clifton Collie. 
New Edition. Extra fcap. 8vo. 4^. 6d. 

SOLID GEOMETRY AND CONIC SECTIONS. With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools, By J. M. Wilson, M.A. New Edition. 
Extra fcap. 8vo. 3^. td. 

WIImBON'-GRADUATED exercises in plane TRI- 
GONOMETRY. Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. 4f. 6^. 

'* The exercises seem beautifully graduated and adapted to lead a student 
on most gently and pleasantly."— •£. J. RootHi F.R.S., St Peter's College, 
Cambridge. 

W1I.SON (W. P.)— ^ TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cam- 
bridge, and Professor of Mathematics in Queen's College, 
Belfast. 8vo. 9^. 6^^. 
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WO-LWSlMimOJMyLB— MATHEMATICAL PROBLEMS, on 
Subjects indttded in the First and Second Divisions of the 
Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. Devised and arranged by Joseph Wolstsn- 
HOLME, late Fellow of Christ's College, sometime Fellow of 
St John's College, and Professor of Mathematics in the Royal 
Indian Engineering College^ New Edition greatly enlai^ed. 
8vo. i8j. 

SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the ioint Editor^p of Professors Huxley, Roscoe, and 

Balfour Stewart. 

'* These Primers are extremely simple and attraedTe, and thoroughly 
answer thrir purpose of Just leading the young be^nner up to the thresh- 
old of the long avenues m the Palace of Nature which these titles suggest." 

<— GUABDIAN. 

'* They are wonderfully clear and ludd in their instruction, simple in 
style, and admirable in plan. "—Educational Timbs. 

INT*RODUCTORY_By T. H. HuxLEY, r.R.S., Professor of 
Natural History in the Royal School of Mines. i8mo. is, 

CBBMISTRY — By - H. E. Roscx>E, F.R.S., Professor of 
Chemistry in Owens Collie, Manchester. With numerous 
Illustrations. i8mo. is. New Edition. With Questions. 
*' A very model of perspicacity and aeeuraey.''--GHBMiST and Drug- 

' GIST. 

PHYBflCB— By BALFOUR Stewart, F.R.S., Professor of Natural 
Philosophy in Owens College, Manchester. With numerous 
Illustrations. i8mo. is. New Edition. With Questions. 

PBYBIOAXi GEOGRAPHY— By ArCHIR^D GbikiE, F.R.S., 
Murchison Professor of Geology and Mineralogy at Edin- 
burgh. With numerous Illustrations. New Edition, with 
Questions. i8mo. is, 

"Everyone ci his lessons is marked by simplidty, eleamess, and 
correctness."— Athbmaum. 

GBOIiOGY — By Professor Geikib, F.R.S. With numerous 

Illustrations. New Edition. i8mo. cloth, is, 

'* It is hardly possible for the dullest child to misunderstand the meaning 
of a dassificatioD of stones after Professor Geilde's explanatibn."— School 

BOAKD ChBOHICLB. 
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80ISM0B PRIM HR8 ConHtmei^ 

PHYSIOl^aY— By Mtchael Fostkr, M.D.y F.ILS. With 
nnmeroiu Qliistratioiis. New Edidoii. iSma ir. 



"The book MOBS to as to leave notliias to be denred as an rffinifr y 



ASTRONOMY — By J. NoRMAN LOCKTSE, F.R.S. With 

numeroiis Blnstratioiis. New Edition. i8mo. I/. 

** This is altogether one of the most likely attenpts we have ever seen to 
bring astronomy down to the capacity of the young child.''— Schooi. 

BOASD CHKONIC3JC. 

BOTANY— By Sir J. D. HoOKBR, K.C.S.I., C.B., F.R.S. 
With numerous Illustntions. New Edition. i8mo« ix« 

"To teachers the Primer will be of inestimable value, «kl not only 
because of the sunpUdty dt the language and the clearness with which the 
snbiect auitteris treateo, but also on accoontof its coming from die highest 
authority, and so furnishing poative information as to the most suitable 
methods of teaching the science of botany."— Natvxs. 

]«OOIC— By Professor Stanlst Jkyons, F.R.S. New Edition. 
i8ma I/. 

** It ai^>ears to us admirably adapted to serve both as an introdnction 
to scientific reasoping, and as a guiae to sound Judgment and reasoning 
in the ordinary affaurs oC Ufie."— Acadxmt, 

POUTlCAIk SCONOMY— By Professor Stanley Jxvons, 

F.R.S. i8mo. IX. 

** Unquestionably in every respect an admirable primer."— ScKOOL 
"UOAXD Chronicus. 

In pr^roHm : — 
ZOOLOGY, By Professor Hvxlky. &c Ac. 



ELEMENTARY CLASS-BOOKS. 

A8TRONOMY| by the Astronoiner Royal. 

POPULAR ASTRONOMY, With Ulustratfons. By Sir 
G. B. Airy, K.C.B.y Astronomjcr Royal New Edition. 
l8mo. 4x. (id, 
ASTRONOMY. 

ELEMENTARY LESSONS IN ASTRONOMY, With 
Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By J. Norman Lq<7Kyer, 
F.ILS. New Edition. Fcap. 8vo. 5/. &/. 

'* Fnll> clear, sound, and vrorthy of attention, not only as a popular 
ex/Oiiii :n, but as a ssieatific ' Indeac' '*--ATHXZfjBVMU 
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BlaEMBNTARY CIiASS-BOOKS Continued^ 

QUESTIONS ON LOCKYEKS ^ELEMENTARV LES- 
SONS IN ASTRONOMY. For the Use of Schools. By 
John Forbes-Robertson. i8mo. doth limp. i*. 6d. 

PHYSIOIiOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 
numerous Illustrations. ByT. H. Huxley, F.R.S., Professor 
of Natural History in the Royal School of Mines. 'New 
Edition. Fcap. 8vo. 4;. 6d. 

" Pure gold throughout"— Guardian, 

" Unquestionably the clearest and most eommete elementary treatise 
on this snhjeet that we possess in any limguage."--WBSTiiiKSTBR Rbvxbw. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS, ByT. Alcock, M.D. iSjno. u. 64. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D, 
Oliver, F.R.S., F.L.S., Professor of Botany in University 
College, London. With nearly Two Hundred Illustrations. 
' New Edition. Fcap. 8vo. 4J. 6d. 

CHBMISTRY. 

LESSONS IN ELEMENTARY CHEMISTRY, IN- 
ORGANIC AND ORGANIC By Henry K Roscoe, 
F.R.S., Professor of Chemistry in Owens College^ Manchester. 
With numerous Illustrations and Chromo-Litho of the Solar 
Spectrum, and of the Alkalies and Alkaline Eazths New 
Edition. Fcap. 8vo. 4J. ^. 

*' As a standard general text-book it deserves to take a leading place."-' 

** We unhesitatingly pronounce it.the b.esl of all our Momentary treatises 
on Chemistry."— jEilKDiCAt Times. 

A SERIES OF CHEMICAL PROBLEMS^ pr^ared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., 
-Professor of Chemistry in the Yorkshire College of Science, 
Leeds, Adapted for the preparation of Students for the 
Government, Science, and Society of Arts Examinations. With 
a Preface by Professor Koscos. New I^dition, with Key. 
i8mo. 2s. 
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BIiBMBNTARY OXOkMB'-BOOKM Contimtei^ 
POUTIOAb BOONOMY. 

FOUTICAL ECONOMY FOR BEGINNERS. By 
MiLLicsNT G. Fawcbtt. New Edition. iSmo. 2s. 6d, 

" C3ear, compact, and comprdiensive.''— Daily Nbws. 
" The relations of capital and labour haye never been more naply or 
more clearly expounded."— O^ntbmpokary Rbvixw. 

bOOIO. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

' Inductive^ with copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanlxy JxvoNS^ M.A., 

Professor of Political Economy in University College, London. 

New Edition. Fcap. 8vo. 3j. 6^ 

** Notbinff can be better for a seboot-book."'— Ooaxdiam. 

"A m«*""*^ alike ample, interesting, and sdentific"— Athbnjbum. 

PHYSICS. 

i LESSONS IN ELEMENTARY PHYSICS. By Balfour 

[ Stewart, F.R.S., Professor of Natural Philosophy in Owens 

! Collie, Manchester. With numerous Illustrations and Chiomo« 

\ litho of the Spectra of the Sun, Stars, and Nebulae. New 

\ Edition. Fcap/ 8vo. 4r. 6d. 

** The beau-ideal of a scientific text-book, dear, accurate, and thorooKh." 
— £ducational Timbs. 

PRACTICAXi CHEMISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OP 
PRA CTICAL CHEMISTR Y. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Pre&ce by 
Professor Roscok, and ninstrations. New Edition. i8mo. 

OHBMI8TRY. 

QUESTIONS ON CHEMISTRY. A Series of Problems 
and Exercises in Inorganic and Organic Chemistry, By 
Francis Jonks, F.R.S.E., F.C.S., Chemical Master in the 
Grammar School, Manchester, ^pap. Syo. 3^. 
ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By St. 
George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Maiy's Hospital With upwards of 400 Illustrations. 
Fcap. 8vo« 6r. 6d, 

" It owy be questioned whether any other work on aaateaijr contains in 
like compass so proportionately great a aiass of information.''— Lancet. 

** The warkis ezeellenr, and should be in the hand*: of every student of 
hnokan anatooiy."— Mkdical Tugss 
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EIiBMBNTART OIiASB-BOOKS ConOnuU-^ 

MECHANICS OF MACHINERY. 

AN ELEMENTARY TREATISE. By A. B. W. 
KKNNEDYy M. Inst. C.E., Profiessor of Engineering and Me- 
chanical Technology in University College, London. With 
Illustrations. [In the press. 



AN ELEMENTARY TREATISE. By John Pbrry, 
Professor of Eng^eering, Imperial Collie of Engineering, 
Yedo. With numerous Woodcuts and Numerical Examples 
and Exercises. iSmo. 4j. ^. 

** The youn^ engineer and those seeldne for a eemprehenstve knowledf e 
of the use, power, and economy of steam, could not have a more useral 
work, as it b very intelligible, well arranged, and practical throaghoat.''-r 

laONMOIIGKa. 

PHTSICAIi GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY, By A. Geikie, F.R.S., Murchison Professor 
of Geology, &c., Edinburgh. With numerous Illustrations. 
Fcap. 8va 4^. 6d. 

QUESTIONS ON THE SAME. is. 6d. 



CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, M.A., 
F.R.G.S. Fcap. 8vo. New Edition, with Eighteen Coloured 
Maps. 3J. 

MATURAXi PHILOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 
I. ToDHUNTER, M.A., F.R.S. Part L The Properties o! 
Solid and Fluid Bodies. i8mo. 31. td. 
Part IL Sound, Lights and Heat i8mo. 3^. &/. 

MOSAli PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof . E. Caibld, 
of Glasgow University. [/« preparation. 

BLECTBICITV AND mAGNETIMS. 

ELEMENTARY ^LESSONS IN ELECTRICITY AfTD 
MAGNETISM. By Prof. Sylvanus Thompson, of Uni- 
versity College, Bristol. With Illustration^. \Tn preparation. 

C 
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■OUMD. 

AN ELEMENTARY TREATISE. By W. H. IStohk, 
ILB, Wilii mnstntiaos. iflkna 3s; 6^. 



ELEMENTARY LESSONS IN PSYCHOLOGY. ByG. 
CsooM Robertson, rrofcMor o£ Mentml Phfloflophy, ftc, 
UniTcrpty College, I-.ondon. [In fr^araHan. 

A.QBXGmr%nM— ELEMENTARY LESSONS IN AGRI- 
CULTURE, By H. Tanner, F.C.S., Professor of Agri- 
cultural Science, University CoUege, Aberystwith. 

[In preparaUon. 

-mKMmKliir-'THE ECONOMICS OF INDUSTRY. By A. 

Marshall, M.A., late Principal of University College, 

Cheltenham, and Mart P. Marshall, late Lecturer at 

Newnham Hall, Cambridge. Extra fcap. 8vo. 2s, 6d, 

** The book is of sterlii^ value, and will be of groat tise to students and 
teachers." — ^Ath KNiBU m. 

Others in Pnpanaiion* 



MANUALS FOR STUDENTS. 

Crown ovoa 

# 

DTBR AND TnTRS'-TIIE STRUCTURE OF PLANTS, By 
Professor Thisblton Dybr, F.R.S., asdsted by Stbnbt 
Vines, B.Sc, FeUow and Lecturer of Christ's College, 
Cambridge. With numerous Illustrations. [In preparaUon, 

PAWCBTT— -4 MANUAL OF POLITICAL ECONOMY, 
By Professor Fawcett, M.P. New Edition, revised and 
enlarged. Crown 8vo. 12s, 6d, 

FI.BISOHBR— ^ SYSTEM OF VOLUMETRIC ANALY- 
SIS, Translated, with Notes and Additions, from the second 
German Edition, by M« M. Pattison Mvir, F.R.S.E. With 
lUustrBtions. Crown 8vo. Is, Cd. 
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MANUALS FOR 8TUDSNTS Coniinued, 

nOWIKR (W* VL.\-AN INTRODUCTION TO THE OSTE^ 
OLOGY OF THE MAMMALIA. Being the sabstance <^ 
the Course of Lectures deUvered at the Royal College of 
Surgeons of England in 187a By Professor W. H. Flower, 
F.KSn F.R.C.S. With numerous Illustrations^ New Edition, 
enlarged. Crown 8to. lor. 6^. 

rOSTBR and IiAMOUBlY— ^ COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. By Michael Foster, 
M,D., F.R.S., afid J. N. Langley, B.A. New Edition. 
Crown 8vo. ts, 

HOOKBR— 7!ff2 STUDENTS FLORA OF THE BRITISH 
ISLANDS. By Sir J. D. Hooker, K.C.S.I., C.B., 
F.R.S., M.D., D.C.L. New Edition, revised. Globe 8vo. 
lOr. 6d 

nuxUBir— PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous Illus- 
trations, and Coloured Plates. New Edition. Crown 8vo. pJ6d. 

RUJUiBY «ad MARTIN—^ COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Ma&i^n, M.B., 
D.Sc. New Edition, revised. Crown Svo. 6s. 

HUXLEY and YKXEXBi^ ELEMENTARY BIOLOGY. 
PARI II. By Professor Huxley, F.R.S., assisted by 
T. J. Parker. With Illustrations. \In preparaHon. 

zmo^n—THE PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. ^ Professor W. Stanley 
JEVONS, LL.D., F.R.S. New and Revised Edition. Crown 
Svo. \2s. 6d. 

EXERCISES IN DEDUCTIVE LOGIC, By Professor 
W. Stanley Jevons, LL.D., F.R.S. Crown Svo. 
^ [In the press. 

O%jyrML{ProUuuorh^FIRSTB00E'0FINDIANBdTANY. 
By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of 
the Herbariui^ and Library of the Royal Gardens, Kew. 
With numerous lUustrations. Eictra fcap. Svo. 6s, 6d. 

c 2 
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M AXTOAXiS FOR STVDBNT8 ConAnued^ 

PARKBR and BBTTANY— 7!^^ MORPHOLOGY OF 
THE SKULL, By Professor Parkxr and G. T. Bbttamt. 
Illustrated. Crown 8va lor. (n/. 

TKVr—AN ELEMENTARY TREATISE ON HEAT. By 
Professor Tatt, F.R.S.E. Ulnstrated. [In thi press. 

TMOMBO«^2:00L0GY. By Sir C Wtvilue Thomson, F.R.S. 
Illustrated. [In Separatum. 



r-ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, M.A*, F.R.S. 
Illustrated. [In the press. 

Other ^uxnes of these MannaTs will follow. 



SCIENTIFIC TEXT-BOOKS. 

BAIiPOUR— ^ TREATISE ON COMPARATIVE EMBRY- 
OLOGY. With Illustrations. By F. M. Balfour, M.A., 
F.R.S., Fellow and Lecturer of Trinity College, Cambridge. 
In 2 vols. 8vo. Vol. I. iZs, now ready. [ Vol, II, in the press. 

BAI.I. (R. 8., £L.ia,.y-EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal College of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College of Science 
for Ireland. Royal Svo. i6r. 

OJMAJJntVH—MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown Svo. los, 6d. 

DANXBLIr-^ TREATISE ON PHYSICS FOR MEDICAL 

STUDENTS, By Alfred Daniell. With Illustn^tions. 
Svo. . \In preparation. 



—A TEXT-BOOK OF PHYSIOLOGY. By Michael 
Foster, M.D., F.R.S. With Illustrations. Third Edition, 
revised. Svo. 2is, 
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SCISNTXriG TBXT-BOOKS ConUnued--^ 

6AMGEB —A TEXT-BOOK, SYSTEMATIC AND PRAC- 
TICAL, OF THE PHYSIOLOGICAL CHEMISTRY OF 
THE ANIMAL BODY. Induding the changes which the 
Tissues and Fluids undergo in Disease. By A. Gamgeb, 
M.D., F.R.S., Professor of Physiology, Owens Collie, 
Manchester, Svo. \In the press, 

oE^amn^m-^ELEMENTS of comparative ana- 
tomy. By Professor Carl Gbgenbaur. A Translation b^ 
F. Jeffrey Bell, B. A. Revised with Prefiace by Professor 
E. Rat Lankestsr, F.R.S. With numerous Illustrations. 
8vo. 21S, 



■^text-book of geology. By Archibald 
GEIKIE, F.R.S., Professor of Geology in the University of 
Edinburgh. With numerous Illustrations. 8vo. \In the press. 

O'BJL'Y— STRUCTURAL BOTANY, OR ORGANOGRAPHY 

ON THE BASIS OF MORPHOLOGY. To which are 

. added the principles of Taxonomy and Phytography, and a 

Glossary of Botanical Terms. By Professor Asa Gray, 

LL.D. 8vo. lar. 6d. 

KlSWCOMn— POPULAR ASTRONOMY. By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With II2 lUus- 

trations and 5 Maps of the Stars. 8vo. iSf. 

'* It is unlika anything else of its kind, and wiU be of mere use in car- 
cnlatii^ a knowledge of astronomy than nine-tenths of the books which 
have aiqpearcd on the sab}ect of late yean." — Saturday R*vUw, 

RBUIiRAnX — 7!^i? KINEMATICS OF MACHINERY. 
V Outlined of a Theory of Machines. By Professor F.Rsxtlkaux. 
Translated and Edited by Professor A. B. W. Kennedy, 
CE. With 450 Illustrations. Medium 8vo. 2U. 

ROSCOB and SCBORLBMMBR'— INORGANIC CHEMIS- 
TRY. A Complete . Treatise on Inorganic Chemistry. By 
Professor H. £. RoscoE, F.R.S., and Professor C ScHOR- 
LEMMER, F.R.S. With numerous Illustrations. Medium 8vo. 
VoL I.— The Non-Metallic Elements. 21*. VoL II.— Metals. 
Part I. i8f. Vol. IL Part II«— Metals. i8x. 
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8CIS1ITIFXC TEXT-BOOKS Comiimud^ 

ORGANIC CHEMISTRY, A complct* Treatise on Or- 
ganic Chemistry. By ProfiesBors KoscoK and Schoklemmer. 
With nmneroiis lUnstratioiu. Medium 8to. [In the pros, 

80H0KUBMMSB— ^ MANUAL OF THE CHEMISTRY OP 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY, By C. Schorlxmmkr, F.R.S., r io fc gsoi of 
Chemistry^ Owens Collegie^ ICandiester* With IDntxstions. 
8va I4#. 

TBORPB AMD RttCKBR— ^ TREA TISE ON CHEMICAL 
PHYSICS. By Professor Thorpe, F.R.S., and Professor 
RucKSR, of the Yorkshire College of Science. IDnstiated. 
8to. [Ih pre^ratian, 

KATURB SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. NoEMAN LocKYER, F.R.S. With Coloured Plate and 
nnmerotis Ilhistrationa. Second Edition. Crown Svo. 3j. 6tL 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbocb:, BCP., F.R.S., D.C.L. With nune- 
rons Illiutnitions. Second Edition. Crown Sva 3f. 6(L 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
feasor o£ Natnial Philosophy in the Andersoman Uniyersity, 
Glasgow. Slnstrated. Crown Sva 3^. &/• 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in ComparatiTe Anatomy at St Mary's Ho^ital. 
With nmnerons Illustrations. Crown Svo. ^. td. 

POLARISATION OF LIGHT. By W. Spottiswoode, P.R.S. 
With mJany Illustrations. Second Edition. Crown 8V6. 
3J. &^ 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LA TION TO INSECTS. By Sir John Lubbock, M.P., 
F.RfS. With munerotis ninstrations. Second Edition. Crown 
8to. 4f . 6d. 
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HATVIIB 8BRZB8 C^ftt^Uted^ 

J Be science of weighing and measuring^ and 

THE STANDARDS OF MEASURE AND WEIGHT. 
By H. W. Chisholm, Wazden of the Standards. With 
numerous lUustzations. Crown 8vt>. 4x. td. 

HOW TO DRA W A S7RAIGHT LINE : ft Lecture dn Link- 
' ages. ByA.B. K^tfPK. WithSlustrations. Crown Syo. i/. td. 

LIGHT: a Series of Simple, entertaining, and Inexpensive Expe- 
riments in the Phenomena of Light, for the Use of Students of 
every age. By A. M. Maysr and C. Barnard. Crown 8vo» 
with nmneroos Illustrations. 2s, 6k^ 

SOUND : a Series of Simple, Entertali^ng, and Inexpensive Ex- 
periments in the Phenomena of Sound, for the use of Stttd<Snts 
^f every age. By A. M. Maykr, Psofeasor of Physics in 
me Stevens Institute ef Technology, && With numerous 
Illustrations. Crown 8vo. 3j. 6d, 

SEEING AND THINKING. By Professor W. K. Clifford, 
F.R.S. With Diagrams. Crown 8vo. y, 6d, 

DEGENERATION— 'By Prof. E. Ray Lankestor, F.R.S. 
With Illustrations, Crown 8vo. 2s. 6d, 

Otkit volutius gp foHom. 

EASY LESSONS IN SCIENCE. 
Edited by Prof. W. F. Barrbtt. 

HEAT. By Miss C. A. Martinkau. Illustrated. Ex^ra fcap. 

LIGHT. By Mis. Awdry. Illustrated. 2j. (sd. 
ELECTRICITY, By Prof. W. F. Barrett. [In pri^ration. 

SCIENCE LECTURES AT SOUTH 

KENSINGTON. 

VO Z. I. Contammg Lectures by Capt Abney, Prof. StOKES, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
SoRBY, J. T. BoTTOMLEY, S. H. ViNES, and Prof. Carey 
Foster. Crown 8vo. 6^. 
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VOL, 21. Containing Lectures by W. Spottiswoodb, P.R*S., 
Pro£ Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon* 
Sanderson, Dr. Lauder Brvnton, F.R.S., Prof. Roscob, 
and others. Crown 8vo. 6s, 

MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

E^hth Series, 1876-7. Crown 8to. Illttstrated. 6d, each. 

WHAT THE EARTH IS COMPOSED OF. By Professor 
RoscOE, F.R.S. 

THE SUCCESSION OF LIFE ON THE EARTH, By 
Professor Williamson, F.R.S. 

fVHY THE EARTHS. CHEMISTRY IS AS IT IS. By 

J. N. LOCKYER, F.R.S. # 

Also complete in One Volume. Crown 8yo. doth. 2s, 



AJJSKA19J}IiB.—EL£M£NTAR Y APPLIED MECHANICS; 
being the simple and more practical Cases of Stress and Strain 
wrought out individually from first principles, by means of 
Elementary Mathematics. By T. Alexander, C.E., Professor 
of Civil Engineering in the Imperial College of Engineering, 
Tokei, Japan. Crown 8vo. 4J. 6d. 

BIaANTOVLT>—THE RUDIMENTS OF PHYSICAL GEO- 
GRAPHY FOR THE USE OF INDIAN SCHOOLS; with 
a Glossary of Technical Terms employed. By H. F. Blanford, 
F.R,S. New Edition, with Illustrations. Globe 8yo. 2s,6d, 



r^UNITS AND PHYSICAL CONSTANTS. By 
J. D. Everett, F.R.S., Professor of Natural Philosophy, 
Queen's College, Belfast. Extra fcap. Svo. 4J. 6d, 

maXlEr-OUTLINES OF FIELD GEOLOGY. By Prof. 
Geikie, F.R.S. With Illustrations. Extra fcap. 8vo. y. 6d. 

GORDON— ^A^ ELEMENTARY BOOK ON HEAT. By 
J. £. H. Gordon, B.A., GonviUe and Caius College, Cam- 
'bridge. Crown 8vo. 2s. 
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iMAXnULJJSB^BLOWPIPE ANALYSIS, By J. Landauer. 
Authorised English Edition by J. Taylor and W. "lE. Kay, of 
Owens Collie, Manchester. Extra fcap. 8vo. 4^. 6d, 

WIU— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS, Specially arranged for the fiiBt M.B. Course, By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. \s. 6d. 

M'KS>Nl>B,lOK^0 C/TLINES OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN. By J. G. M'Kendrick, M.D. 
F.R.S.E. With Illustrations. Crown 8vo. 12s. 6d. 

VOAXa^-^TC/DIES IN COMPARA TIVE ANA TOMY. 

No. I.^The Skull of the Crocodile : a Manual for Students. 
By L. C. MiALL, Professor of Biology in the Yorkshire College 
and Curator of the Leeds Museum. 8vo, 2j. 6</. 
No. IL^ Anatomy of the Indian Elephant. By L. C. MiALL 
and F. Greenwood. With Illustrations. 8yo. 5^. 

mniL-Hn—AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 41-. Od, 

-wniGUT— METALS AND THEIR CHIEF IND [/SI RIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c. 
Lecturer on Chemistry in St Mary's Hospital Medical SchooL 
Extra fcap. 8yo. 3^ . 6d. 

1 

HISTpRY. 

KSMOIm-D—TIIE ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON- 

STANTINE THE GREAT. By W. T. Arnold, B.A, 

Crown 8vo. 6j. 

"Ought to prove a valuable handbook to the student of Roma 
history. — ^Guardian. 

VSBSU^STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s. 6d. 

" The attempt appears to us in every way successful. The stories are 
interesting in themselves, and are told witn perfect simplicity and good 
feeling." — Daily News. 

FREEMAN (EDWARD A.)— OLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fellow of 
Trinity College, Oxford. With Five Coloured Maps, New 
Edition. Extra fcap. 8vo. half-bound. 6s» 
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QfRVmK-^A SHORT HISTORY OP THE ENGUSJB 

PEOPLE. By JoHK Richard Okebn, M.A.» LL.D. With 

Coloured Maps, Genealogical Tables, and Chronological 

Annals. Crown 8va %s, 6d, Sixty-third Thousand. 

" Stands alone as the one general history of the <Soiintry» for the sake 
of which all others, if sroung and old axe wise, will be speedily and surely 
set aside."— Academy. 

READINGS FROM ENGLISH HISTORY. Selected 

and Edited by John Richard Grsbn, M.A., LUD., 

Honorary Fdlow of Jesus College^ Oxford. Three Parts. 

Globe 8vo. is. 6d. each. L Hengist to Cressy. IL Cressy 

to Cromwell. III. Cromwell to Balaklaya. 

QlQ^fn-^LECTURES ON THE HISTORY OP ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo, 6j. 

" It is not too much to assert that this is one of the ferybest class books 
of EngU^ History for youi^ students ever published. "--Sootsmam. 

diSTOBICAIi COUBSa FOR SGHOO&fl — Edited by 

Edward A. Frssman, D.CL., late Fellow of Trinity 

C(^^e| Oxford. 

L GENERAL SKETCH OP EUROPEAN HISTORY. 

By Edward A. Freeman, D.C.L. New Edition, revised 

and enlarged, with Chronological Table, Maps, and Index. 

iBmo. cloth. 3^. ^(L 

'* It supplies the great want of a good foundalioa for fabtorical teaching. 
The scheme is an excellent one, and this instalment has been executed in 
a way that promises much f(ur the volumes that are yet to iHppear.**— 

II. HISTORY OF ENGLAND. By Edith Thompson. 

New Edition, revised and enlarged, with' Mapft. iSmo. 25; &£ 

HL HISTORY OF SCOTLAND. Bj Margaret 
MacArthur. New Edition. iSmo. 2$. 

'* An excellent summary, nnimpeachable as to ftets, and potting thea 
in the clearest and most impartial light attainable."— Guardian. 

IV. HIS TOR Y OP ITAL V. By the Rev. W. Hunt, M. A. 

i8ma 3^. 

'* It possesses die same solid merit as its predecessors • ; • • ^ sam\i 
scrupulous care about fidelity in details. . . . It is distinguished, too, by 
information on art, architecture, and social politics, in ^vdiich the writers 
nasp is seen by m firmness and deamess dE his Cauch'''-^£DUCATXoif al 
Times. 

V. HISTORY OF GERMANY. By J. SiMK, M.A. 

tSmo. 3^. 

'* A remarJcably dear and impressive history M Germany. Its great 
events are wisely kept as coitral figures, and the smaller events are care- 
fully kept, not only subordinate and subservient, but most skilfully woven 
into the texture of the histotioal tapestry presented to the eye."— 
Standard. 
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HISTORIC All COUR8B FOR BCHOOIiB Continued-^ 

VI. HISTORY OF AMERICA. By John A, Doylk. 

With Maps. iSmo. 4f. 60. 
^, " Mr. Doyle has performed his task with adxnirabb care, ftdness, and 
eleartaett, and for the first dme we have for schoob an accurate and inter- 
esting history of America, from the earliest to the present time."— ^ 
Standard. 

EUROPEAN COLONIES, By E. J. Payne, M. A. With 

Maps. i8mo. 4;. 6d, 

** We have seldom met with an nistorian dipable of forming a more 
comprehensive, &r-seeing, and tmprejudiced estimate of events and 
peoples, and we can commend this little work as one ceitain to prove oC 
the highest interest to all tfaonghtfid readers."— Timks. 

FRANCE. By Ckarlottk M. Yongb. With Maps. i8mo. 

" An admirable text-book for the lecture room."— Academy. 

GREECE. By Edward A. Freeman, D.C.L. 

[In preparaium. 

ROME. ByEDWARD A. Freeman^ D.C.L. \In preparation. 

HIBTORV PRIBfBRS— Edited by JOHN RiCRARD G4UIP&N. 

Author of '< A Short History of Ihe English People." 

ROME. By the Rev. M. Creighton, M.A.^ late Fellow 

and Tutor of Merton College, Oxford. With Eleven Map& 

i8xna ij. 

"The author has been euxiously successiul in telfing in an intelU- 
gent way the story of Rome from first to last"*-ScH0OL Boajko 
Chxonicuk. 

GREECE. By C. A. Fyffb, M.A., Fellow and late Tutor 

of University College, Oxford. With Five Maps. i8mo. i^. 

"We give our unqualified praise to diis little manuaL"— 'Sckool- 

ICASTBK. 

EUROPEAN HISTORY. By E. A. FrISMaIn, D.C.L. 

LL.D. With Maps. 1S1&6. is, 

*'The wofk is always desuri aad fionat a Imniaodi key ta'Sdiopean 
history." — School Boakd Chronicub. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, 

M.A. Illustrated. iSmo. is. 

" All that is necessary for the scholar to know is told so eodipaetly yet 
so fully, and in a style so interesting, that it is impos^Ie lior even the 
dullest boy to look on this little work in the same light as he r^pHrds his 
other school books."— Schoolmastkh. 

CLASSICAL GEOGRAPHY. "By IL T. Tozer, lii.A. 

i8ma IS. 

"Another valuable aid to die study of the andent wtrld. ... It 
contains an enormous quantity of information packed into a snail space* 
and at the same time commumcated in a very readable shape."— Johm 
Bull. 
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GEOGRAPHY. By George Grove, D.CL. With Maps. 
i8mo. I/. 

"A model of what such a work should be .... we know o£ no short 
treatise better suited to infase life and spirit into the doll lists of proper 
names of which our ordinary class-books so often almost exelnaveljr 
eonasL " — Times. 

ROMAN ANTIQUITIES, By Professor Welkins. lUiia- 
trated. i8mo. u. 

" A little book that throws a blaae of light on Roman HistofT, and 
iS| moreover, intensely \xAtxvsf6xt!gi^* -^School Board ChronicU. 

FRANCE, By Charlotte M. Yonge. i8mo. w. 

" May be considered a wonderfully successful piece of work Its 

general merit as a vigorous and clear sketch, giving in a small space a 
vivid idea of the history of France, remains undeniable." — Saturday- 
Review. 

In preparation : — 
ENGLAND, By J. R. Green, M.A. 

I.ETHBRIDGI:— ^ SHORT MANUAL OF THE HISTORY 
OF INDIA, WITH AN INTRODUCTORY ACCOUNT 
OF INDIA AS IT IS, By Roper Lethbridge, M.A., 
CLE. Crown 8vo. [/» the press, 

MICHEX.ET— ^ SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michelet, and continned to 
the Present Time, by M. C. M» Simpson. Globe 8vo. 4/. 6d^ 

tnrrk— SCANDINAVIAN HISTORY. By E. C OttA. 
With Maps. Globe Svo. 6^. 

VAJSJmI^PICJURES of old ENGLAND. By Dr. R. 
Fauli. Translated with the sanction of the Author by 
£. C. Orri. Cheaper Edition. Crown 8vo. 6s. 

RAMSAY—^ SCHOOL HISTORY OF ROME, By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown Svo. [In preparation. 

TAVr—ANAL YSIS OF ENGLISH HISTOR K, based on Green's 
" Short History of the English People." By C. W. A. Tait, 
M. A., Assistant-Master, Clifton College. Crown 8vo. 3;. 6d. 

WHBBZ.ER— i4 SHORT HISTORY OF INDIA AND OF 

THE FRONTIER STATES OF AFGHANISTAN, 
NEPAUL, AND BURMA, By J. Talboys Wheeler. 
With Maps. Crown Svo. I2j. 

'* It is the best book of the kind we have ever seen, and we recommend 
it to a place in every school library." — Educational Times. 
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YON6B (CHARIiOTTB M.)— -4 PARALLEL HISTORY OB 
FRANCE AND ENGLAND : consisting of Outlines and 
Dates, s By Charlotte M. Yongb, Author of " The Heir 
of Reddyfii^" &c., &c. Oblong 4to. 3^. 6df. 

CAMEOS FROM ENGLISH HISTORY. — FROM 
ROLLO TO EDWARD II. By the Author of " The Heir 
of Reddyffe." Extra fcap. 8vo. New Edition. 5^. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY— Tim WARS IN FRANCE, New Edition. 
Extra fcap. 8vo. 5^. ' 

A THIRD SERIES OF CAMEOS FROM ENGLISH 
-ffASTOier— THE WARS OF THE ROSES. New Editipn. 
Extra fcap. 8vo. 5^. 

A FOURTH ^^iP/fi-S— REFORMATION TIMES. Extra 
Fcap, 8vo. $s, 

EUROPEAN HISTORY. Narrated in a Series of 
Historical Selections from the Best Authorities. Edited and 
^ arranged by IS. M. Sbwell and C. M. Yongk. First Series, 
I0Q3 — 1 1 54. Third Edition. Crown 8vo. 6s, Second 
Series, 1088 — 1228. New Editioii. Crown 8va 6s. 

DIVINITY. 

*J^ For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (REV. B. K.y-BIBLE LESSONS. By the Rev. 

E. A. Abbott, D.D., Head Master of the City of London 

SchooL New Edition. Crown 8vo. 4r. 6d. 

** Wise, soggesdve, axxd really profound initiation into religions thought " 
— Guardian. 

▲RNOI-D— ^ BIBLE-READING FOR SCHOOLS— TWE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — ^Ixvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly 
Professor of Poetry in the University of Oxford, and Fellow 
of OrieL New Edition. i8nio. doth. is. 

ISAIAH XL.—LXVI. With the Shorter Prophecies aUied 
to it Arranged and Edited, with Notes, by Matthew 
Aknold. Crown 8vo. 5^. 
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CUBTmim— MANUAL OF THE THIRTY-NINE AR- 
TICLES, By G. H. CuRTEis, M.A., Principal of the 
Lichfield Theological College. \In preparation, 

QAmKOm—THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with 
Preface by the Rev» G. F. Maclear, D.D. Part L— OLD 
TESTAMENT HISTORY. i8mo \s. Part H.—NEW 
TESTAMENT. i8mo. u. Part III.— THE APOSTLES : 
ST. JAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. is, » 

aObDBM TRBASURY PSAIiTBR— Students' Edition. Being 
aa Edition of "The Psalms Chronol<^caUy Arranged, by 
Four Friends, '^ with briefer Notes. i8ma 3^. (oL 

ORBBK TBSTAMBNV. Edited, with Introduction and Appen- 
dices, by Canon Wkstcott and Dr. F. J, A. Hort. Two 
Vols. Crown Sva , \In the press. 

BARDWICK— Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH 
Middle Age. From Gr^ory the Great to the Excommuni- 
cation of Luther. Edited by William Stubbs, M.A., Regius 
Professor of Modem History in the University of Oxford. 
With Four Maps. Fourth Edition. Crown 8vo. lOf. 6^. 
A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORM A TION, Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8vo. lOf. td. 

KlVGh-CHURCH HIS TOR Y OF IRELAND. By the Rev. 
Robert King. New Edition. 2 vols. Crown 8vp. 

[In preparation. 
MACliBAR—Works by tiie Rev. G. F. Maclear, D.D., 

Warden of St. Augustine's College, Canterbury. 

A class-book of old testament history. 

New Edition, with Four Maps. i8mo. 4J. €d. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
induduig the Connection of the Old and New Testament. 
Wltii Four Maps. New Edition. iSmo. 5^. 6d. 
A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National and Elementaiy ScbooU With 
Map. iSmo. doth. New Edition. j 
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MACT.WAB Continued-^ 

A SHILUNG BOOK OP NEW TESTAMENT 
HISTORY^ for National and Elementary Schools. With 
Map. i8mo. doth. New Edition. 

These works haire been carefully abridged from the author's 
larger manuals. 

CLASS-BOOK OF THE CATECHISM OP THE 
CHURCH OF ENGLAND. New Edition. i8mo. dotiu 
IJ. 6d. 

A FIRST CLASS-BOOK OP THE CATECHISM OP 
THE CHURCH OP ENGLAND, witii Scripture Proofe, 
for Junior Classes and Schools. iSma 6d. New Edttioiu 
A MANUAL OP INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION. WITH PR A VERS 
AND DEVOTIONS. 32mo. doth extra, red edges. 2s. 
MAJmOB— THE LORD'S PRA YER, THE CREED, AND 
THE COMMANDMENTS. Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Re¥. F. DsNisoN Maurice, M.A. i8mo. dotii, limp. \s. 

PROCTBB^^ HISTORY OP THE BOOK OP COMMON 
PRAYER, with a Rationale <^ its Offices. By Francis 
Proctxk, M.A. Fourteenth Edition^ revised and enlarged. 
Crown 8ya lOf. 6</. 

PBOOTBR AND VUlCImRMlB,— AN ELEMENTARY INTRO- 
DUCTION TO THE BOOK OP COMMON PRA YER. 
Re-arranged and supplemented by an Explanation of the 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. i8mo. 2s. 6a. 

PBAIaMS OF DAVID CHRONOIiOOICAULiY ARRANGBD. 
By Four Fri«&4s. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Cr. 8vo. Ss. 6d. 

KKmAY^THECATECHISEKS MANUAL; or, tiie Church 
Catechism Illustrated and Explained, for the Use of Clergy, 
men. Schoolmasters, and Teachers. By the Rev, Arthur 
Ramsay, M.A. New Edition. i8mo. is. 6d, 
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mrMPWOV—A^ EJ^fTVME OF THE HISTORY OF 7HR 
CHRISTIAN CHURCH By WnxxAM Sdosom, K.A. 
Nev FditTon. Fcapi Sva S'. 6k£ 



TXSirCB— By R. C. TRENCH, IXD., Aidbbidiop of 

LECTURES ON MEDIEVAL CHURCH HISTORY, 
Bong die gnhghmfar ol Ijtttua d^tcred at Qhbol's CoSkge, 
IjondaiL. Seoood Kdition^ zevised. Swo. I2jl 

SYNONYMS OF THE NEW 7ESTAMENT. Ninth 
EdidoOy revised. Svo. tit. 

WSSTCOTT— Woiks hj Bkookx Foss WisTCOTT, DJ>., Canon 
of Peterixnous^ 

^ GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Foozth Edition. With 
Pre&oe on '' Snpeniatnral Refigion.'' Crown Sto. lot. 6d. 

INTRODUCTION TO THE STUDY OF THE FOOR 
GOSPELS. Fifth Edition, down Sva los. 6d. 

THE BIBLE IN THE CHURCH. A Popnlar Acooont 
of the Collection and Reception of the Holy Scriptmes in 
the Christian Churches. New Edition. iSmo. doth. 
4/. 6d. 

WIXAOV— THE BIBLE STUDENTS GUIDE to the mo^ 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
WiLSOKy D D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, cazefolly revised. 4to. 
doth. 25J. 

YONOB (CHARXtOTTE Vi.y— SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. By Charlotte M. Yongb, 
Author of "The Heir of Reddyffe." In Five Vols. 

First Series. Genesis to Deuteronomy. Globe 8vo. 
IS, 6d. With Comments, y. 6d. 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. is, 6d. With Comments, 3x. 6d, 
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OHARLOTTS M. YONGIS — Continued, 

Third Series. The Kings and the P&ophbts. Extra fcap. 
8vo. . IX. 6^. With Comments, 3X. 6d» 

Fourth Ssriss. The Gospkl Times, i/. 6d. With 
Comments, extra fcap. 8vo., 3^. 6^. 

Fifth SRries. Apostolic Times. Extra fcap. 8vo. is. 6d' 
With Comments, ^r. 6^. * 



MISCELLANEOUS. 

Including works dn Modern Languages and LUertUurei Art 

Hand-books^ 6^., drv. 

ABBOTT—^ SHAKESPEARIAN GRAMMAR, An Attempt 
to illustrate some of the Differences between Elizabethan and 
Modem English. By the Rev. E. A. Abbott, D.D., Head 
Master of the City of Ldndon School New Edition. Extra 
fcap. 8vo. 6f. 

hXlV£Xi%OtH— LINEAR PERSPECTIVE, AND MODEL 
DRA WING, A School and Art Class Manual,, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laursncb Anderson. With Illustrations. 
Royal 8vo. zs, 

BARKiaU'-FIRST LESSONS IN THE PRINCIPLES OP 
COOKING, By Lady Barker. New Edition. i8mo. w. 

BOWUN-PIRST LESSONS IN FRENCH, By H. CouR- 
thope Bowen, M.A. Extra fcap. 8vo. is, 

BBAUMARCH AXS— Z^ BARBIER DE SE VILLE, Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant 
Master in St. Paul's School. Fcap. 8vo. 3j. 6^. 

BBRNBRg— /Z^i-Z LESSONS ON HEALTH, By J. Ber- 
ners.. New Edition. l8mo. \s, 

d 
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BLAKI8TON— 7*^^ TEACHER, Hints on School M^Uiage- 
ment. A Handbook for Managers, Teachers' Assistants, and 
Pupil Teachers. By J. R. Blakiston, M.A. Crown 8vo. 
2J. 6^. (Recommended by the London, Birmingham, and 
Leicester School Boards. ) 

** Into a compantiyely small book he has crowded a great deal of ex- 
ceedingly useral and sound advice. It is a plain, common-sense book» 
full of bints to the teacher on the management of his school and his 
children. — School Boako Chkomiclb. 

• 
BRBYMANN — ^Works by Hermann Bretmann, Ph.D.^ Pro- 
fessor of Philology in the University of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. Syo. 4/. 6^ 

FIRST FRENCH EXERCISE BOOK. Ejrtm fcap. Svo. 
4J. 6^. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. 8vo. 

H-ROOIKR— MILTON. By Rev. Stopford Brooke, M.A. 
Fcap. 8vo. IS, 6d, (Green's Classical Writers.) 

'AJmXBr-HUDIBRAS. Edited, with Introduction and Notes, 
by Alfred Milnes, B. A. [In pr^ratum. 

CAU^EXWOOU— HANDBOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., ProfScssor of 
Moral Philosophy, University of Edinbui^h. Sixth Edition. 
Crown 8vo. 6s. 

DANTSt-r^i? PURGATORY OF DANTE. Edited, with 
Translation and Notes, by A. J. Butler, M.A., late Fellow 
of Trinity College, Cambridge. Crown 8vo. 12s, 6d, 

DBI.AMOTTE— ^ BEGINNERS DRAWING BOOK. By 
P. H. Delamotte, F.S.A. Progressively arranged. Ne# 
Edition improved. Crown 8vo. 3^. 6d. 

FA-WOBTT— TALES IN POLITICAL ECONOMY. By 
MiLLicENT Garrett Fawcett. Globe 8vo. 3*. 
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TlRKSLOJX—SCffOOL INSPECTlOI^, By D. R. Fkaron, 
M.A,, Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. 2j. 6e/. ^ 

PREDERICK— -fiWVr^ TO HOUSEWIVES 01^ SEVERAL 
POINTS, PARTICULARLY ON THE PREPARATION 
OF ECONOMICAL AND TASTEFUL DISHES. By 
Mrs. Frederick. Crown 8vo. zs. 6/. 

"This unpretending and useful little vplume distinctly supplies a de- 
sideratum The author steadily keeps in view the simple aim of 

' making every-day meals at home, particularly the dinner, attractive,* 
"without adding to the ordinary household expenses.** — Saturday Review. 

Qj^-DBTOVf-Er— SPELLING REFORM FROM AN EDU* 
CATION AL POINT OF VIEW. By J. H. Gladstone, 
Ph.D., F.R.S., Member of the School Board for London. 
New Edition. Crowp 8vo. u. td, 

GOlMT^SMim— THE TRA VELLERj or a Prospect of Society ; 
and THE DESERTED VILLAGE. By Oliver Gold- 
SMITH. With Notes Philological and Explanatory, by J. W. 
Hales M.A. Crown 8vo. 6d, 

GB^NJi'IlOmWLIi— CUTTING- OUT AND DRESSMARING 
From the French of Mdlle. E. Grand*homme. With Dia- 
grams. i8mo. IS, 

aaEEN-^ SHORT GEOGRAPHi OF THE BRITISH 
ISLANDS, By John Richard Green and Alice 
Stopford Green. With Maps. Fcap. 8vo. 3^. 6d. 

The Times says : — " The method of the work, so far as real instruction 
is concerned, is nearly all that could be desired. ... Its great merit, in 
addition to its scientific arrangement and the attractive style so familiar 
to the readers of Green's Short History is that the facts are so presented 
as to compel the careful student to think for himself . . •/■The work may 
he read with pleasure and profit by anyone ; we trust that it will gradually 
find its way into the higher forms of our schools. With this text-book as 
his guide, an^ntelligent teacher might make geo^aphy what it really is — 
one of the most interesting and widely-instructive studies." 

JLKUSA— LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A, Professor of English Literature at King's 
Collqj^, London. New Edition. Extra fcap. 8vo. \s, 6d, 

d 2 
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UOU^-A GENEALOGICAL STEMMA OF THE KINGS 
Of ENGLAND AND FRANCE. By the Rcr. C. HoiJ. 
On Sbect. 

MHNSOtf '8 LIVES Of THE POETS. The SU Chief Lwes 
(Milton, Diyden, Swif^ Addison* Pope, Gtay), with Macanla/s 
"Life of Johnson." Edited with Preface by Matthbw 
Arnold. Crown 8yo. dr. 

LITSRATURB PRIMERS— Edited by JOHN RiCHARD GULBN, 
Anthor of " A Short History <rf the J^Hsh People," 

ENGLISH GRAMMAR. By the Rev. R. Momlb, LL.D., 
sometinie President of the Philological Society. iSmo. 
doth. I/. 

ENGLISH GRAMMAR EXERCISES. By R. Morms, 
LL.D., and H. C BowsN, M. A. iSmo. u. 

THE CHILDREN'S TREASURY OF LYRICAL 
POETR Y. Selected and arranged with Notes by Fsancis 
Turner Palgrws. In Two Parts. i8mo. ix. each. 

ENGLISH LITERATURE. By the Rev. Stopford 
Brooks, M.A. New Edition. i8mo. is, 

PHILOLOGY. By J. Peilk, M.A. i8mo. ix. 

GREEIC LITERATURE. By Pi:ofessorjEBB, M.A. i8ma ix. 

SHAKS^^RE. By Professor Dowden. i8mo. ix. 

HOMER, By the Right Hon. W. E. Gladstone, M.P. 
i8mo. IX. 

ENGLISH COMPOSITION. By Professor Nichol. iSnio. 

IX. 

In preparation : — 

LA TIN LITERA TURE. By Professor Seeley. 

HISTORY OF THE ENGLISH LANGUAGE. By 
J. A. H, Murray, LL.D. 
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MAOBKIIiIiAN'S COPY^BOOKS^ 

Published in two sizes, -viz. ; — 

1. Large Post 4to. Price 4/^. each. 

2. Post Oblong. Price 2a. each. 

I. INITIATORY EXERCISES ^ SHORT LETTERS. 

•a. WORDS CONSISTING OF SHORT LETTERS. 

♦3. LONG LETTERS. With words containing Long 
Letters — Figures . 

♦4. WORDS CONTAINING LONG LETTERS. 

^7L PRACTISING AND REVISING COPY-BOOK. For 
Nos. I to 4. 

•5. CAPITALS AND SHORT HALF 7 EXT. Words 
banning with a Capital. 

*6. HALF- TEXT WORDS, beginning with a Capital- 
Figures, 

•7. SMALL-HAND AND HALF-TEXT. With Capitals 
and Figures. 

# 

»8. SMALL-HAND AND HALF-TEXT. With Capitals 
9nd Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 5 to 8. 

•9. SMALL-HAND SINGLE HEADLINES—Y\g!axe&. 

10. SMALL-HAND SINGLE HEADLINES-^Figarcs. 

•11. SMALL-HAND DOUBLE HEADLINES— T\g\\xt%. 

12. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, ^c. 

12a. PRACTISING AND REVISING COPy-BOOK. For 
Nos. 8 to 12. 

• Tkes€ numbers may be had with Goodman's Patent Sliding 
. Copies. Large Post 4to. Price 6d, each. 



54 BiACMILLAlTS EDUCATIONAL CATALOGUE. 

WACMIItI.AN'8 COF7.BOOK8 CofiHnued— 

by a simple device the copies, which are printed npon separate 
slips, are arranged with a movable attachment, by which they 
are adjusted so as to be directly before the eye of the pupil ai 
all points of his progress. It enables him, also, to keep his 
cwn faults concealed, with perfect models constantly in view 
tor imitation. Every experienced teacher knows the advantage 
of the slip copy, but its practical application has never befora 
been successfully accomplished. This feature is secured ex- 
clusively to Macmillan's Copy-books under Goodman's patent 

MA.CMII.IaAN'8 PROGRE88IVB FRENCH COURSE— By 

G. Eugene-Fasnacht, Senior Master of Modem Languages, 
Harpur Foundation Modem School, Bedford. 

I. — First Year, containing Easy Lessons on the R^nlar Ac- 
cidence. Extra fcap. 8vo. \s, 

il. — Second Year, containing Conversational Lessons on 
S3rstematic Accidence and Elementary Syntax. With Philo- 
logical Illustrations and Etymological Vocabulary. Ix. 6^. 

III. — Third Year, containing a Systematic Syntax, and 
Lessons in Composition. \In the press, 

MACMIIfliAN'S PROGRESSIVE FRENCH READERS— 

By G. Eugene-Fasnacht. 

liRST AND Second Years. [In the press. 

mAC'jnX^tMAM'B FROOBESBZVB ^ERBIAV COXJRSB— By 

G. Eugene Fasnacht. 

Part I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. 8vo. is. 6d. 

Part II. — Second Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philological 
Illustrations and Etymological Vocabulary. Extra fcap. 
8vo. zs. 

MARTIN— y/r^ POET'S HOUR: Poetry selected and 
arranged for Children. By Frances Martin. Third 
Edition. i8mo. zr. 6d, 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. Second Edition. i8mo. 3f. 6d, 
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MASSON (GUSTAVB)—^ COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-EngUsli and 
English -French). Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By Gu stave Masson, Assistant-Master 
and Librarian, Harrow School Fourth Edition. Crown 8vo. 
half-bound. 6j. 

MOUERE— /:£* MALADE IMAGINAIRE. Edited, with 
Intioductlon and Notes, by Francis Tarver, M.A., Assistant- 
Master at Eton. Fcap. 8vo. zs, 6d. 

MORRIS — ^Works by the Rev. R. Morris, LL.D., Lecturer 
on English Language and Literature in King's College 
School, 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 
comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition. Extra 
fcap. 8vo. 6;. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. i8mo. 2s, 6d. 

PRIMER OF ENGLISH GRAMMAR. i8mo. is. 

Nicole— HISTORY OF THE FRENCH LANGUAGE, 
with especial reference to the French element in English. By 
Henry Nicol, Member of the Philological Society. 

[In pr^raHon. 

OImIVBAUT—THE old and MIDDLE ENGLISH A 
New Edition of " THE SOURCES OF STANDARD 
ENGLISH" revised and greatly enlarged. By T. Kington 
Oliphant. Extra fcap. 8vo. 9^. 

PALGRAVE— 7:^i5 CHILDREN'S TREASURY OF 
LYRICAL POETRi. Selected and Arranged with Notes 
by Francis Turner Palgravs. i8mo. 2s. td. Also in 
Two parts. i8mo. is. each. 

PX«T7TARCH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of 'Names, and Glossarial Index, by 
Ae Rev. W. W. Skbat, M.A. Crown 8vo. df, 
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PYI-ODET— A^i5 ^ GUIDE TO GERMAN CONVERSA- 
TION: containing an Alphabetical List of nearly 8cx) Familiar 
Words followed by Exercises, Vocabulary of Wordfe in frequent 
Use ; Familiar Phrases and Dialogues ; a Sketch of German 
Literature, Idiomatic Expressioiis, &c. By L. Pylodet. 
tSmo. cloth limp. 2j. dd. 

A SYNOPSIS OF GERMAN GRAMMAR, From the 
above. i8mo. t<L 

R&ADXNG BOOKS — Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER, i8ma (48 pp.) 2d, 

BOOK I. for Standard I. l8mo. (96 pp.) 4^. 



>* 
f» 
>> 



II. 


f» 


II. 


IIL 


»« 


III. 


IV. 


%% 


IV. 


V. 




V. 


VI. 


ff 


VI. 



l8mo. (144 pp.) 5^/. 
l8mo, (160 pp.) 6</. 
i8mo. (176 pp.) %a, 
i8mo. (380 pp.) ij. 
Cro\yn 8vo. (430 pp.) ». 



Book VI. is fitted lor higher Cla3ses, and as an Introduction to 
English Literature. 

** They are far above any others that have appeared both in form and 
substance. . . . The editor of the present series has rightly seen that 
reading books must 'aim chiefly at giving to the pupils the power of 
accurate, and, if possible, apt and skilful expression ; at cultivating in 
the.n a good literary taste, and at arousing a desire of further reading. 
This b done by taking care to select the extracts from true English classics, 
going up in Siandard VI. course to Chaucer, Hooker, and Bacon, as well 
as Wordsworth, Macaulay, and Froude. . . . This is quite on the right 
track, and indicates justly the ideal which we ought to set before us. — 

GUAKDIAN.' 



SHAKESPEABB-.^ SHAKESPEARE MANUAL, By F. G. 
FleaYj M.A., late Head Master of Skipton Grammar School, 
Second Edition. Extra fcap. 8vo. 41. (>d, 

AN ATTEMPjr TO DETERMINE THE CHRONO^ 
LOGICAL ORDER OF SHAKESPEARE'S PLAYS, 
By the Rev. H. Pains Stokes, B.A. Extra fcap. 8vo. 

THE TEMPEST, With GlOssarial and Explanatory Notes. 
By the Rev. J. M. Jephson. New Edition. i8nK>. ia 
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80NNSN8CHBIN and MBIKiaE JOHN — 7^iS ENGLISH 
METHOD OF TEACHING TO READ, ,By A. Son- 
Nsi^scHsiN and J. M. D. Meiklejohn, M.A. Fcap, 8vo. 

COMPRISING : 

7 HE NURSERY BOOK, containing aU the Two-Letter 
Words in the Language. \d. (Also in Large Type on 
Sheets for School Walls. 5^.) 

THE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. 6^ 

THE SECOND COURSE, with Combinations and Bridges. 
. consisting of Short Vowels with Double Consonants. 6</. 

THE THIRD AND FOURTH COURSES, consisting of 
' Long Vowels; and all the Double Vowels in the Language. 
6d. 



••• 



' These are admirable books, because they are constructed on a prin- 
^ ciple, and that the simplest principle on whi^ it is .possible to learn to read 

Ibislish.' — Spxctator. 

rSM-HVOL— FIRST PRINCIPLES OF A GRICUL TURE. By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
University College, Abtrystwith, && i8mo. f j< 

TAITLOR— WORDS AND PLACES; or. Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. dr. 

TAYbOR-^^ PRIMER OF PIANOFORTE PLA YING. By 
Franklin Taylor. Edited by George Grove. i8mo. ix. 



--HOUSEHOLD MANAGEMENT AND 

COOKERY. With an Appendix of Recipes used by the 

Teachers of the National School of Cookery. By W. B. 

Tegetmeibr. Compiled at the request of the School Board 

for London. i8mo. Ii. 

''Admirably adapted to the use for which it is design'sd." — ^Athbn^um. 

*'A seasonable and thoroug[hIy practical manual. ... It can be consulted 
Readily and the information it contains is given in the simplest language." 
— Pall Ma.ll Gazkttb. 
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X^FIRST LESSONS IN BOOK-KEEPING. By 
J. Thornton. Crown 8vo. 2j. 6c/. 

The object of this vo'ume is to make the theory of Bodk-keeping' suf» 
6ciently plain for even chilJren to understand it. 

THRXNG — Works by Edward Thring, M. A., Head Master of 
Uppingham. 

' THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH, With Questions. Fourth Edition. i8mo. 25. 

inElENCH (ARCHBISHOP)— Works by R. C. Trench, D.D., 
Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY, Selected 
and Arranged, with Notes. Third Edition. Extra fcap. 8vo. 
5j. fxL 

ON THE STUDY OF WORDS. Seventeenth Edition, 
revised. Fcap. 8vo. 5j. 

ENGLISH, PAST AND PRESENT. Tenth Edition, 
revised and unproved. Fcap. bvo. 5^. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different from their Present. Fifth 
Edition, revised and enlarged. Fcap. ^vo. 5^, 

VAaonMkXKO.VL.)- WORDS FROM THE POETS. By 
C. M. Vaughan. New Edition. i8mo. cloth, is, 

VZNCSITT and I^XCILSOIH— HANDBOOK TO MODERA 

GREEK, By Edgar Vincent, Coldstream Guards, and 

T. G. Dickson, M.A. With Preface by Professor Jf. S. 

Blackie. Extra fcap. 8vo. $s. 

** This is a grammar and conversation book in one, and avoids with great 
success the tediousness too common in grammars and the silliness too 

common in conversation books It will not be Messrs. Vincent and 

Dickson's fault if their work does not contribute materially to the study 
of Greek by Englishmen as a living language." — Pall Mall GazBttb. 

WHITNEY — Works by W^ILLIAM D. Whitney, Professor of 
Sanskrit and Instructor in Modem Languages in Yale Coll^;e. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 
8vo. 4J. 6d. 

A GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown Svb. 5^ 
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WiaiTNBY AND EDGRSN— ^ COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY^ with Notation of Corw 
respondences and Brief Etymologies. By Professor W. D. 
. Whitney, assisted by A. H. Edgren. Crown 8vo. Is, 6d, 

THE GERMAN-ENGLISH PART, separately, 5j. 

WRIGHT— 77/5 SCHOOL COOKERY BOOK. Compiled 
and Edited by C. E. Guthrie Wright, Hon. Sec. to the 
Edinburgh School of Cookery. i8mo. is. 

Sir T. D. AclanT), Bart., says oF this book :— " I think the " Schoo 
Cookery Book " tiie best cheap manual which I have seen on the subject. 
I hope teachers will welcome it. But it seems to me likely to be even 
more useful for domestic purposes in all ranks short of those served by 
professed cooks The receipts are numerous and precise, the explana- 
tion of principles clear. The chapters on the adaptation of food to 
varying circumstances, age, climate, employment, health, and on infants' 
food, seem to me excellent." 

rONGE (CHARLOTTE M0_ 7:^^ ABRIDGED BOOK OB 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of «*The Heir of Red- 
clyfie/' iSmo. cloth, is. 
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